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The formulae presented in this study are the ratio of
the two value aggregates measured in real terms. Such a for-
mula 1s called a quantity or volume index. Ome of its main
properties is that when multiplied by an appropriate price
index, the product represents a value index.

One can derive many formulae to arrive at such ratios
by giving different averages and different weights. Because
of the different possible types of averages and welghts
there 1s a problem of statistical technique to be solved in
the choice of formulae.l

In practice one can not achieve direct measurement of
the concepts involved, and it is necessary to rely on in-
direct means.

There are two ways in which indexes can be approached.
The atomistic approach characterizes the usual kind of 1in-
dexes in which the different variables (e.g. prices and
quantities) are consldered independent. In the functional
approach certain characteristic rela&ions are  assumed to
exlst between prices and quantities.” These two approaches
have been called by Samuelson (1947) '"The StatisticalTheory
of Index Numbzrs" and '"The Economic Theory of Index Numbers
respectively.

The economic theory of index numbers 1s largely con-
fined to "cost of 1iving" comparisops, while the statisti-
cal theory of index numbers is more concerned with general
purpose index numbers (e.g. wholesale price indexes, export
import price and velume indexes and production indexes).For
limitaction of time, the scope of this paper has been
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confined to the statistical theory of index numbers 1s more
concerned with general purpose index numbers(e.g. wholesale
price indexes, export-import price and volume Indexes and
production indexes).For limitation of time,the scope of this
paper has been confined to the statistical theory of 1ndex
numbers,.As has been discussed above, the present study 1is
confined to the classlcal statistical theory only and not
the new statistical theory, l.e. minimizing the sum of
squares of the residual enor.J

In this study the attempt has been made to choose from
different types of formulae the best average and the correc
welghting system for forming the ideal index.These formulae
are then treated by Fisher's classical test. For empirical
analysis of choosing the best index,the present writer choo-
ses the production index from general economlc indicators.

The arrangement of this paper 1s as follows:In part 1,
different types of formulae are presented.In part 2,the in-
dexes wlll be tested.Part 3,analyses the emplirical example.
In part 4 a brief conclusion on the subject willbe discussed.

Types of Formulae

There are two mailn types of average or aggregate.These
are the arithmetic and geometrilc means. Modes, median and
hatmonic means are less commonly used for index numbers.

The arithmetic and geometrilc means for volume {quanti-
ty) and price indexeg take tge form:
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where (wl)s are weights. Righthand superscript of the in-
dexes a and g denote arithmetic and geometric means respec-
tively. Q and P denote quantity and price indexes. Z and I
denote summation and multiplication. Righthand superscripts
(1) denote commodities (i=1....n). Righthand subscripts o
and 2 denote base and given years respectively;

(¢=0+l, .... m). q and p denote the quantities and prices
of individual commodities.

Weights are usually expressed as relatives and may be
written by one of the following forms:
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To arrive at the best index (P)s in equation {6), (q)s
in equation (7) or (pg)s in equation (5) should be cons-
tant.” (6) and (7) are weights for quantity and price in-
dexes ~ arithmetic means. (5) is weight for geometric means.

1 (a) Arithmetic Means:

i. Arithmetic means with fized weight: Application of
equation (6) in (1) and (7) in (2) gives the reduced arith-
metic means formula:
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If p refers to situation o, then equation (8) becomes the
Laspeyers’ quantity igdex:
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Equation (10} is almost used by all countries for quantity
indexes.
1f q refers to situation 0, then equation (9) becomes the
Laspeyers price index:
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If p refers to situation £, then equation (8) becomes the
Paasche8 quantity ind%x:
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and if q refers to situation (2}, equation (9) becomes the
Paasche price index:
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Equation (13) is almost used by all countries for price in-
dexes,
n . . n . .
ii ii . ;
I P q_ and X P,q, are the actual money aggregates in situa-
oo A A A
1=]1 i=]
tions o and ¢ respectively. Cross valuation gives two hypo-
thetical money aggregates
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ii. Arithmetic means with variable weight:

(14) 1

(15) M

Equations (l4) and (15) have been developed by the present

writer., The geometric means of these equations have been
proposed by Mizutani (196?)40

1. (b) Geometric means:

1f pq in equation (5) refers to situation o, then (3)
and (4) will be:

0 1 4
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Equations (16) and(17) have beén.applied by the Harvard Com-
mittee on Economic Research.

If pq in equation (5) refers to situation £ then  (3)
and (4) will be:
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Equations (18) and {(19) have applied by Fisher himself.12

Equations (16) - (19) are geometric means of quantity
and price indexes in direct comparison.

1. (c) Cross-~weighted means:

Many compromise formulae can be constructed from equa-
tions (8)-{19) since none of these equations can be truein-
dexes as their weight systems are not constant. In other
words, the constant welght In both means (i.e. arithmetic &
geometric) will be somewhere between o and &.

1. Cross-weighted arithmetic means: Assuming that the
constant parameter in equation (8) is equal to 3 (p_ + p,),
which is a compromise between o and £, one can obtain the

following formula:
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and given that q 1in equation {9) is equal to }(q +q ), one
¢can obtain the followinﬁ formula:
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Equations (20) and (21) are cross-weighted arithmetic means
of quantity and price indexes respectively. These formulae
were first introduced by Edgeworth (1925).l4

ii. Cross-weighted geometric means: This formula can
be obtained by multiplying the base-weight by current-weigt
of the geometric means, then taking square roots:
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Equations (22) and (23) are quantity and price indexes of

cross-weighted geometric means.,

It is easier to do the calculation by using logarithms
of (22) and (23) than to calculate the actual numbers.

The two formulae will be:
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1. (d) Mizutani variable weighted geometric means:

Mizutani (1967) has developed the following quantity

and price indexes:
vg , ,
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1. (e) Cross-welghted arithmetic means by geometric means:
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Equations (28) and (29) are a mixture,éf linearity (Laspe-
yers and Paasche indexes being ratios of linear forms) and
log-linearity (the geometric mean).

These two formulae are called the 'Ideal" quantity and
price indexes by Irving Fisher. Fisher, L. (1923)chose for-
mula (29) from 143 algebraic ratios (indexes) as the "best"
index.

Fisher's identification number of equation (29) 1is
(353).17

2, Testing the indexes:

Fisher (1923) formulated several formul tests in order
to decide which formula of his 143 equations was the best
(1deal).

The most important tests are:18
(1) The Circular Test

(i1l) The Time Reversal Test
{(1ii)The Factor Reversal Test
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2 (a) Circular test:

Po should be independent of the choice of a third ime
period. "The argument can be shown as follows:

(30) P01 . P12 = P02

, 1
Circular test consists of three tests:

(a) Time Reversal test: Pol . Plo =]

(b) Identity test : P00 = 1

(c) Base test o ( POE }= 0
L Pég

If the Identity test and Base fest are fulfilled in an din-
dex, the Circular test will be equivalent to the Time Re-
versal test.

This test has been fully analysed by Fisher himself.In
the end he abandoned it with the words:

"I am to show that the Circular test is theo-
retically a mistaken one, that a necessary irredu-
cible minimum of divergency from such fulfilment is
entirely right and proper, and, therefore, that a
perfect fulfilment of this so-called Circular test
should really be taken as proof that the formula
which fulfils it is erroneous."

The present writer therefore did not consider this test on
the formulae discussed.

2. (b) The Time Reversal test:

(31) PP =1

The price index of one direction should be the inver-
sion of the price index in the other direction no matter
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which of the two 1is taken as the base.21 In other words,Pgyj
represents any index number for time "1" relatively to time
"o". The other way round is Plo, and this, turned upside
down, 1is L + which, therefore, is the general expression

for the timéCantithesis of Py].
Thus, PPa is the time antithesis of LPa,
and P® is the time antithesis of PBO.
5 formulae fulfil the Time Reversal test (TRT). (See:

table ("

It is a necessary condition for a best index to satis-
fy (TRT), but in order the formula (or formulae) to be
"ideal" a sufficient condition is needed. Factor Reversal
test will be discussed in the following pages and may meet
this condition.

2. (c) The Factor Reversal test:

(32) P. @ =V

i 1 i 1

n
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[ ST

=1
This test is whether the index permits the interchanging of
the prices and quantities of any formula, i.e. the two rew
sults multiplied together should give the true value ratitc“

Fisher (1923) justified this test in the feollowing way:

""l. No reason can be given for employing &

given formula for one of the two factors which
does not apply to the other, and 2. Suchk reversi-
bility already appltes to Bach

pair of individual price and quancity ractic: and
should, 1in all logic, apply to the index Cmunmler
which aim to represent them in the mass. ™"

The only formulae which satisfy the Fac: o+ Rewversa
test are "Ideal" Fisher formulae (equations : : nd 25T
other words, '"ILdeal" Fisher formulae were av :vic o~Lpainly

from this test.
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Table 1 shows the nine price indexes, which have been
shown previously, with thelr Fisher's identification ‘num-
bers and the two tests.i.e. the Time Reversal test and Fac-
tor Reversal test.

Table 1. Different formulae of price indexes with their classical tests

Items Equatien Symbols Types of Formulae Fisher's Tests*
Number Numbers 1 2
a
1 11 LP Laspeyers 53
a
2 13 PP Paasche 54
]
3 17 o Welghted geometric 23
means (base)
L
4 19 pé Welghted geometric 29
va means (current)
5 15 e Variable weight (a.m.) X
6 27 MFvE Variable weight (g.m.) X
7 21 gF%? | Edgeworth 2153 A
8 23 pee Cross-welghted (g.m.) 123 X
cag
9 29 FP "Ideal™ Fisher a53 X | X

*Cross signals indicate the formula fulfils the test.
Test 1 is the Time Reversal Test and Test 2 is the Factor Reversal Test.

Many economists reject the Factor Reversal test empha-
sized by Fisher as it has no economic significance.24 The
reason is that the component of the "Ideal" Fishgr formula

ﬁonsists of hypothetical money aggregates, i.e. Ipoqg and
i=1

Z Py 955 therefore the geometric mean of both indexes,i.e.

i=]

Paasche and Laspeyers forms, is based on hypothetical cross-
values,

Most of the index number makers and users suggest that
the "Ideal" Fisher index is useful and recommend that it
should be compiled. As pointed out by Stone (1956}, "The
form proposed by Fisher.... may be useful for the technical
purpose of removing small discrepancles between (LQ2) and
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(PQ )} or between ( P ) and ( pd )}, but where both the base-
and current—welghted welghteg index numbers can be calcula-
ted 1t is desirable that they should be given separately%25

Geary and Pratschke (1968) whilst remaking on index
numbers constructed from Irish data recommend that:

"our own empirical rule is to compute both
Laspeyers and Paasche indexes whenever this is
possible and to regard the ''true'" index as some-
where between the two figures, on elementary in-
difference curve considerations: the wider the
difference between the figures, the less reliable
the index from any formula. The Fisher "Ideal"
(the geometric mean of the two) 1s taken as the
estimate of the '"true" index"

After illustrating the practical usefulness of the
Fisher '"Ideal" formula, one would like to know whether all
the different indexes discussed above fulfil the Factor Re-
versal test, i.e. the product of quantity and price indexes
should be equal to the ratio of the total values.

Price and quantity indexes introduced so far do not
meet formula (32). For example,
a a
(33) R L N S
Therefore, a correction coefficlent (§) will be introduced
to fulfil formula (32). As P and Q each require a correc-
tion coefficient, thus:

(34) v=26%P.0Q
(35) §=V/ P.Q
(36) 8Q = Q/ P
(37) §P =V . P/ Q

By definition and algebraically ''Ideal" Fisher formu-
la's coefficient (8) is equal to one. That 1is to  say,
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(38) F§ = v©38 ; qc38 = pcag
F F
1

The corrected Laspeyers' quantity index can bedbtained
from formula (36) as follows:

Qa a _a a
(39) st = [v3 g%/ p
1L
11 11 11
=|lpgq, Ipja, Ipa

L 4 - .
Ipja,  Irgay  Ipga

f

i i1
=|lrya; = Ip.q,

—

ii i4
zplqo . zpoqo

PQa . LQa

Formula (39) is the "Ideal" Fisher index, 1i.e. formula
(28).

From formula (37) the corrected Laspeyers' price index
will then be as follows:

=! Pa .
{40) GLPa pra LPa

Formula (40) is the "Ideal" Fisher price index, 1i.e.
tormula (29).

One can get the same result as shown in formulae (39)
and (40) by applying formulae (36) and (37) to Paasche's
quantity and price indexes respectively.

The remaining formulae i.e. items (3-8) in Table 1,
can be corrected similar to equation (36) in order to satis-
ty Factor Reversal test (FRT).
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The main advantage of correcting an index according to
(34) 1s that the controversary part that surrounds Fisher's
"{deal" index ceases to exist.

Empirical analyses

Iraqi Monthly Industrial Survey (MIS) for the years
1960~63 was the source of the data used in the compllation
of annual Indexes (quantity and unit value) of the knitting

Industry.

As value and quantity of each material consumed are
covered by the survey while only quantity produced of each
pProduct with values of total output have been covered by
the survey, so the former has been chosen as an empirical
example for our study.

Price and quantity indexes for years 1961-63 with 1960

as a base year for the 9 formulae have been calculated and
have been shown in the tables 2 and 3 respectively.

Table 2; Different formulae for price indexes of trico industry: 1960=100

Materials
Item Equations Formulae 1961 1962 1963
1 11 P 105.26 98.21 95,12
2 13 PP: 106. 39 96.90 7.84
3 17 Pgi 103,65 97.90 84.47
4 19 nga 106.82 98.38 81.03
5 15 MPVS 111.70 100.32 90,54
6 27 MPca 106.50 97,73 88.02
7 21 EV 105.84 99.10 86.70
8 23 Pzgg 105.60 98.27 86.05
9 29 il 105,82 98.06 46.05

Source: Table 1.
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Table 3: Different formulae for quantity indexes of trico industry: 1960=
100 materials

Item Equations Formulae 1961 1962 1963
Qa

1 10 Ly 89.51 151.20 314.82

2 12 p? 90.46 150.71 257.64

3 16 Q8° 88.21 152.42 279.55

4 18 Q8* 90.83 151.40 268.20
va

5 14 Qvg 94.99 154.39 299.85

6 26 MQca 90.56 150.40 291.33

7 20 gl 89.99 150.96 286.95

8 22 Q- 89.80 151.23 288.70
Qcag

9 28 F 89.98 150.90 284.80

Source: Table 1.

The total value ratios for years 1961-63 have been
calculated as well and are as follows: 95.22, 148.02 and
245.08 respectively.

As has been shown in Table 1, the first 8 formulae do
not meet P.Q=V. A correction coefficient (§), therefore,has
been calculated for all formulae in order to fulfil the se-
cond condition i.e. sufficient condition. (see: Table 4).

In judging which formula is the best, four criteriaare
selected and discussed in the fellowing pages.

(a) Testing V. correction coefficient:

By multiplying (8) to all formulae in Tables 2 and 3
i.e. Original indexes, the corrected formulae, then, will
satisfy Factor ReversalTest (FRT).

Table (4) shows that all (§)s are not far from unity
for the years 1961-62. The discrepancies are + 2 per cem or
less {except item 5- §V3- which shows a divergence of (-5)
per cent for 1961). In 1963, (8)s have shown a wide discre~
pancy among them i.e. +10 per cent or less.
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Table 4, Correction coefficient (§)

Item 1961 1962 1963
1 LG: 1.0054 .9984 0.9047
2 p® L9946 1.0016 1.1055
3 §5° 1.0200 .9900 1.0187
4 5§§ .9906 .9967 1.0619
5 5vg L9473 L9774 0.9498
6 M‘Sca .9936 1.0033 .9776
7 £ .9993 .9996 L9925
8 azig 1.0020 .9978 L9865
9 F® 1.0000 1.0000 L.600Y

Source: Tables 2 and 3.

One concludes, then, that the closest (&) to unity (in
our case: items 1, 2, 7 and 8 besides item 9- 'ideal' Fi-
sher) the index will be nearly the best. {(see; Table 5, co-
lumn 4).

(b) Speed:

Table 5 gives the ranks of time studies for calcula-
ting the 9 indexes. This calculation has been done with a
desk electriec calculating machine (Facit) and logarithmic
tables.

The first prize for speed goes to formula (14)}. The
bocby prize is captured by formula (26). All the other for-
mulae occupy the 7 intermediate ranks.

Fisher "Ic¢eal" formula ranks 6 and its twe components
{.¢. Laspeyers and Paasche rank 2 and 3 respectively.

it will be noted from Table 5, column 5 that, the geo-
metyie formulae took more time than arithmetic formulae.
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Table 5: Order of rank of formulae

Item (1) Equations (2) Formulae (3) (4) 6* Speed (5)
a

1 10 LQa 2 2

2 12 pH 3 3

3 16 ®° 8 5
& gL

18 Q, 7 7

5 14 e 9 1
vg

6 26 e 6 9
Qca

7 20 : E 4 4
8 22 cE

gcag 3 8

9 28 F 1 6

*average of 196181962,

The most important result of the time studies is that
all general economic indicatiors are calculated by govern-
mental departments in most countries, using electronic com=-
putors. So the most complex formula can be calculated in
few minutes.

(¢) Accuracy {errors in data):

It is vital that the original data be as accurate as
possible.,

In price indexes, the larger number of commodities are
used the net effect on the index will be smaller even though
the original data are inaccurate. But as has been said be-
fore, production indexes have been chosen in our study,
therefore, the problem of the accuracy of the original data
will be different from that price indexes.

The errors in quantity indexes are mainly due to the
quality of the original data. In this matter, one can re-
call what Royal Meeker (1929) wrote. He pointed out that
"when the quantities and the prices are thorougnly
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satisfactory I think it will make but little differenceshat
mathematical formula is used in calculating the index num-
bers."27

Table (4) shows that the (§)s have shown a wide dis-
crepancy among the 9 formulae for the year 1963, while in
the case of 1961 and 1962 the discrepancy between them are
very low. {see: Table 5, column 4). This could mean that
the 1963 prices and quantities are inaccurate. This inaccu-
tacy could be due to the political changes of 1963, more
than 40 employees of the Central Bureau of Statistics were
dismissed and replaced by new staff.28

As one knows, the experilence of the staff is as impor-
tant as their number in promoting the efficiency and relia-
bility of statistical work. Thus, such changes 1in staff
could but effect adversely the (MIS).

Fram the discussion above, one can conclude that Trice
industry's data for the year 1963 are inaccurate.

(d) Understandability:

It is important to see that an index number, besides
being accurate and quickly calculated, can be easily un-—
derstood. In this respect, it 1s obvious that Laspeyers
from (10) is a more understandable index than others.

Conclusion

The main reason for choosing the 9 formulae in our
study out of hundreds of ratios is that they are oftem ap-
plied by the index users (except formula (15) which is new-
ly developed by the present writer),

a a
P, . . . P gL

r is the time antithesis of L~ as well as P is the
time antithesis of PBY, e remaining formulae satisfy
{TRT).

Correction coefficient can replace (FRT) by multiply-
ing (&) to its original index.
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When the data on the quantities and the prices are ac-
curate, Laspeyers form 1s very close to Paasche form, and
Laspeyers form 1s then recommended for measuring general
economic indicators.

When Laspeyers and Paasche forms are far from each
other this means the data could be inaccurate, therefore,
"Ideal" Fisher form should be used. :

The more the gap between the base year and the current
year, the more the divergence between Laspeyers and Paasche
forms will be significant. Thus, 1t 1s desirable to calcu-
late "Ideal" Fisher form besides compiling both Laspeyers
and Paasche forms.
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the same proportion from time o to time 1,the P01
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