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Purpose: This paper aims to study the different structures of collecting products used in the closed-

loop supply chain to maximize the profit of the chain members, especially the manufacturer, using the 

game theory. Therefore, to obtain the equilibrium points of the decision variables of the manufacturer 

and the retailer, different structures of a collection of used products have been investigated in single-

channel, dual-channel and triple-channel. 

Design/methodology/approach: In this research, pricing in the reverse supply chain has been 

investigated in terms of different structures of product collection. Three categories of single-channel 

structure, dual-channel structure and triple-channel structure have been considered. In all structures, 

there is a manufacturer and a retailer. In the first structure, the manufacturer collects the products. In 

the second and third structures, the product collection operation has been assigned to the retailer and 

the third party, respectively. In the fourth, fifth, and sixth structures, the collection of products is done 

in combination with two separate channels. In the fourth and fifth structures, respectively, the 

manufacturer together with a retailer and the manufacturer together with a third- party have done the 

work of collecting the products. In the sixth structure, the responsibility of collecting the products has 

been assigned to the retailer and the third company simultaneously. In the seventh structure, the 

manufacturer together with the retailer and the third party carried out the product collection operation. 

The solution approach has been Stackelberg’s game theory, in which the manufacturer is the leader 

and the retailer and the third party are the followers. First, the equilibrium values of the decision 
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variables were obtained simultaneously for the retailer and the third party and were placed in the 

manufacturer's profit function. Then the equilibrium values of the decision variables have been 

obtained. 

Findings: The results indicated that in single-channel structures if the basic market demand is lower 

than the product collection cost factor, it would be better for the manufacturer to collect the used 

products alone. In two-channel structures, the manufacturer is better off collecting the used products 

jointly with the retailer or third party. Also, a threshold for the product collection cost coefficient has 

been determined, above which the producer will benefit from using the three-channel structure. 

Research limitations/implications: Government interference, the lack of knowledge of a suitable 

collection structure, etc., are major challenges to managers in choosing the appropriate collection 

approach. Therefore, one of the important decisions faced by manufacturing companies is how to 

design a proper structure for collecting used products.  For future work, more manufacturers and 

retailers can be used. It is also possible to outsource the inspection work to a retailer or a third party. 

Also, other structures can be examined, for example, in a structure where there are several 

manufacturers and several retailers, structures with more than triple channels can be considered. 

Practical implications: Comparing the mathematical and parametric analysis in a supply chain where 

the manufacturer plays the main role, it would be better for the manufacturer to collect the products 

himself. But if it is to be outsourced. It would be better for him and the retailer to do the collection. 

Also, if the manufacturer is supposed to work with a retailer and a third party, he prefers to outsource 

the work to the retailer and the third party rather than doing it with the third party. 

Social implications - There are many reasons why recycling and collecting used products are 

important. It can help reduce carbon footprint, save energy, prevent pollution, reduce greenhouse 

gases, and more. 

Originality/value: In this research, in addition to examining single-channel and dual-channel 

structures, the triple-channel structure was studied and their results were analysed. In this research, 

due to the product inspection cost, it was observed that in single-channel structures, the first structure 

(the structure in which, the manufacturer collects products) creates the most profit for the 

manufacturer and the supply chain compared to other single-channel structures. In similar studies, the 

second structure (the retailer is a collector's member) creates the most profit for the manufacturer and 

the supply chain. Also, in this research, for the first time, all the collection structures were analysed 

and investigated to distinguish the known structures based on mathematical and parametric analysis. 

Keywords: Closed-loop supply chain, Remanufacturing, Used products, Third-party, Dual channel, 

Triple channel 
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Fig.1- single structures for collecting used products 
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Fig.2- dual channel structres for collectig used products 



60 / �� �	
�� ��
� ������� 
 ����� �����15 ����� �3 ����� �38 � �����1403 

 
H@-3- .� ������ ��� 	
�+�D �� !" ���#  

Fig.3- triple channel structure for collecting used products 
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L���A-42 � �� ,��9�	 ���      @�K01 dK�YI� =K�2 \K/�-1 .�5.

��  7K�; b�� �� ���/1C ,�[�2 g. ��4 
 ��55.����� ��4 �03C�E q�1 D. �	�   ���KX �KE ,�
L    �G�K�B� �%
�K#

7�; ��-X�4 C2 �-0�E ���X @
�E ,�
L  .42 %
�#�l, @2��9�	 
10 )2013( �2� @�01�1   DK. �K32  ���KX   %
�K#

�G�HI� 2�  ���O /1C��F DY�? =��J�  �E D->E�O ����� ���55.�O ���X  
 %
�#�O 7�;  ���55.7�;  ��5. ,�
L

�U1C2 DE ��55.����� ,2�E ,�
L��4 D#�8 42 ��. <�/12 ��Y�YI� C2 �X�E �� D5��C =�2 �� ����   ��KX 2� �G�HI�

7�; ��55.�����  �K� ,�
L    dK�YI� �� .�K5. @2��K9�	 
 @�11 )2020 K� (O   b�K1�.CLSC    �K� �K4��E DK. @L �� 

��55.����� ���A-42 �G�HI� 7�; 2� ��� �
L, �� ��. �61L .D�M>�  
� �� 2�   DK12��9�	��� 
 DK12��9�	 K��?   gK?

1 .�1��.�2� @�01 h��- D.     �K� =��JK� F�K�/1C �K��� ,�-0�E ��4 �,��9�	 ��? ��  K���.    ��KY�YI� �� =�K5j�	
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���? 
 �
� �k�9B� O�->/�     .��2� �K�6� �KY1 @L ,�K	  @2��K9�	 
 }K12�12 )2021 K� (O /1C K��F   =��JK�

DY�? ->E\  C2 g90-���55.��������X � 
 %
�#  .��  _��`4��E 2��1��. �`J� �61L .�� 4�4� �	, \12���  2� K�
�  

 DB��R���.�1�-1 .�h �2� @�01  4 @
�E�4� �	, \12��� ��
�  �����C�E2�E, �[�2, CLSC  2 �K-6E K4 .  �K#�f C2

G�;, @2��9�	 
13 )2021( P �� 2� �
� �Y1�� �2&3, �H� 
���� ->/� �e4�O k�9B�   DB��R� �K1��. �� .

��� 
� ��61L b�������X 
� 
 ��55. �E %
�# ��9��: � E�P��  �61L .�55.D�M>�   KI� 2� b��KB�   z�e�9-K42 
 �K1 

(g? ��9�
�) �1 b��B� �� 
 �1��. g?� �-1h� �-6E, C2 �U1 ,�
L��4  DE  .�K�L 4� �Ke�. 
  @2��K9�	14 )2018 (

DY�? =��J� F��/1C D. �1��. ���2 ���? =-#�3 �U1 �� �E D->E   K�
� ,�K	  D�Kc�# OK� �  �K� ,2     gK���� DK. �C�K4

        ��-.�K# ��K>. =K�2 .K42 �K��; b�KHI� �K��X DE �61L g���� C2 ,�>. ���������C�E b�HI� ���X DE @���-0�

�����1 V�AW�  �� ��# 
 �5-#�3 D/�-1 �61L .42 E�` @���-0� @��� D. ���       �G�KHI� �m�K5-� VK�AW� ��-.�K#

�����C�E ; @���-0� ,2�E 2� ���s2& �� �� �G�HI� =�2 ,2�E 2� ��4 
 �5.  �� ��2�#2   .�	�  

����� @�3�55. DE g��� ��e�. 7E�5� 
 g�G� >�C ��R�I� ���g�  �� .�� DE �K����C�E  �G�KHI� 2�  �K1�2� .�� 

=��	 �-42� }1�	 
 @2��9�	15 )2015 (    &K� �� �K�6� �KY1 ��K]��e� D. �1�2� @�01    ,G�K. ,2�KE @���-K0� %��

�����C�E DY�? =��J� F��/1C �����H� ����4 �0WE
� \#�B� O� 
 ��2� ���    �K� }K5	��	 2� �K.��-���� \->E   .�K5.

@2��9�	 
 =l16 )2021 ��B��c �	�. S;�� D. 42 k�9B� O�->/� O� �e4 =��J� F��/1C D. �1�2� @�01 (

�� � �� .���b��B� �D12��9�	��� ,�	����54 �E D�M>� ��61L \B��R ��1       �K61L 
 �K� �K4��E DK12��9�	 
 z�e�9-K42

,� D. �1��. ��650�� ��P 
 �����H� @�BA1      
 2����K� =�K5j�	 .�K55. ��KW�2 D12��9�	 ,����54 I� 2� ,�2&3

�6542
17 )2019� #��C�E @�1�P ��`J� (=�2� �� �:1�X <C2�� B58 �� 2       DK. �2� @�K01 �K61L \KB��R� .�1��. �4��E

�
�   k�K9B� =��JK� F��/1C �5�L�# C2 ���A-42 DE <��� ��-0�E ,�
L��4 
 �R�I� r�2�� �A? ,2�E �	    =K�2 
 �K12

�� k�>?2 �-0�E ��5�L �� <2�-�2   .���  

G�E _��E D. ���; ����c�� C2 �9� 1C �� Z�RB12 @��E�� =��J� F��/  �:5	�K�	 <�6A� ����18    �K��
� .K42

g���� 
 ��-5E19 )2014���� ��P �2��2�P ( ��
�#20 �2�P 
 ���X 03�E �2�21   ���KX 
 ��K55.����� =�E   2� %
�K#

���X 
 ��55.����� �d�YI� =�2 �� .�1��. g��I�    ���KX K��P 
 �#��KH� ,�c�Y� �E %
�#  K�
�#   DK.) �;��KX �

DE �� =��B� ,�-�2��� ���8 D;2�� (��� �2� @�01 h��-1 .�12   ��-X�4 �� @2�:�C�E �-P
�   �K� gK�� �K.��-���   ��K55.

DE =��J� F��/1C �� ,�-6E �:5	��	  �� 4� @2��9�	 
 }12�l .��L22 )2014 DKY�? =��J� F��/1C (    ,2�KE 2� D-K>E

 �G�HI���]-� ,�c�Y� 
 ����. ��� \X�l �3��
 �E G�E ,����59� �E    �2� @�K01 �K61L d�YI� h��-1 .�1��. DB��R�  

7�; ���A-42 �G�HI� ,�
L ���X ,�4 C2 ���    �K� �-K0�E ��K4 
 �:5	��	 _��E ���55.����� ,2�E %
�#   .��K�

�4��E ���� 
 ,��3 ,�	23 )2016@�01 (  DKY�? =��J� F��/1C O� �� D. �2�       OK� 
 ��K55.����� OK� g��K� �D-K>E

���X ����� \5�6E �2�Y� ���55.����� �#��H� ,�c�Y� �E %
�#        K�A�. 
 �2C�KE ,�Kc�Y� �� K�BRP <�K� DE D;�� �E

�� =��B� �G�HI���� ..��. b�-5. 2� �c�Y� ��1�4�1 ��2��2�P b�� O� C2 ���A-42 �61L d�YI� ��  

<�/12 ��Y�YI� �-0�E �� ���X 
 ��55.����� ����  7K�; �[� %
�# ,�
L    ���KE �G�KHI� F�K55.    \K5��C �� .�K12

7�; \A�t
 ,�2&32
  .�� DE ,�
L D5��C =�2 �� .42 ��� <�/12 ���B��R� ��1 _��`  
 

�
24 )2019  �K1�Y-B� (

 @2���� D.   DE �
 �E ����� ��f    _K��` .�K� OK� �
   DKE     _K��` .�K� F�K55.�����C�E @2�K5�  dK#2��     ,2�KE DK. �K12
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�����  ,�
�c ��82 �2��6/� @�3�55. �2� @�01 h��-1 .�12  ��6E    7K�; ,2�KE _K��` .�� C2 ,��3   �G�KHI� ,�
L

���A-42 r�I� ,2�E D. 42 �
L��4 ����8 �� ���  @2��K9�	 
 @�4 .���E D-�2�1 ��c >�C25 )2015  2� ���K� (

�� D5�6E ����. ��� F�
� �E �G�HI� ,2�E 2� ��P D. �1�2� DB4��  T��KH� b�� =�2 �� .�5.    K��? 
� �� ,�K�3

 DE ��4 g. D. �1�2� @�01 �61L .�� �4��E �.��-� 
 gY->�   �� ��K�/1C ��4 C2 �-�. �gY->� ��-X�4 �� ���L 4�

2 �.��-� ��-X�4 .�� =-#�3 �U1 �� �E) �.��-� ��-X�4 �� 
 4 DE _��` 7�; �[� @2�5� ,�
L    ,�Kc�Y� (��K55.

�� T->�4 S�; ,�-0�E =l 
 ,�5	�4 =�5j�	 .���26 )2023(  F��/1C ���X \B��R� �� DY�? =��J�    B5K8 \-K>E

2� 
�2�  5.����� �61L d�YI� �� .�1��. �4��E7�; ���82 F�5  .�� DE 2� �G�HI� ,�
L   Z�K	 .��. �2&32
 �o��`

.42 ��
�2� ��B��c �	�. 
 =��J� F��/1C �� ,�2���� ��2�#2 �d�YI� =�2 <�/12 C2  

 �e��Kf d�YI� ��  @2��K9�	 
 ��2C27 )2023         �G�KHI� �K� 
 �K��; �G�KHI� DK. �K� _KIE =K�2 F��KE�� ( 

 ��������C�E�2�-4
� B�ef  DE h��-1 .D1 �� �12 ���X D. �2� @�01 ���L 4� DE %
�#   @L �� DK. 42 �R�2�� b�e1�

 F��/1C ,2�E ��4 =��-0�E   .��� ��/�2 =��J�  

2-2 ��������� D��1�.
�  

 7�; �� D��1�.
� ,�	��-X�4 ��WE =�2 ��   ���A-K42 �G�KHI� ,�
L    �K� �K4��E ��K�   K4 �� .��K� ,�	��-X�

7�; �D��1�.
� DE �G�HI� ,�
L �� <�/12 �e�.�� ���8  DE p���  =�2 7�; 42 =9�� D. ���8   ,�K4 C2 ,�
L

���X) ���/1C �:�� ,�[�2 C2 �9� 
 ��55.�����  �� %
�#_��` .��     \KA�t
 K42 =K9�� =�K5j�	 .��� <�/12 (

7�; DE ��55.����� ,�4 C2 ,�
L T	 ���8 ���X DE @��C �# .�� 
 %
      @2��K9�	 
 }K1�	 .��K� �2&K32
 _��`

)2015( 7�; ,2�E 2� k�9B� b�1�. ��-X�4 D4       
 ��K55.����� �b
2 ��-X�K4 �� .�K5-#�3 �KU1 �� �G�KHI� ,�
L

���X ���X �<�4 ��-X�4 �� 
 _��` .�� 
 ��55.����� <
� ��-X�4 �� �%
�#  ; _K��` .�� 
 %
�# 7K�  ,�
L

�� <�/12 2� �G�HI�  �2� @�01 h��-1 .�5	� 7�; b�1�. ���X 
 ��55.����� C2 �e�.�� ,�
L   �	��-X�K4 =�E C2 �%
�#

DE ��55.����� ,2�E 2� ��4 =��-0�E  DKE .��2� �2��	    C2) DE�K0� �KY�YI� �� �3C�K�    7K�; ��-X�K4 �KU1   
 �K�3 (,�
L

�~G�.���28 )2023DY�? =��J� F��/1C ( @���; =-#�3 �U1 �� �E 2� �5e� �2�� \->E  =�2 h��-1 .�1��. �?2�f ���� ,�	

 ��� d�YI�4,8��2�2� �� 2� ,�8��  F��/1C ���� ,�	    .�2� @�K01 2� =��JK� }K1�	 
 @2
29 )2019   �K4��E ,2�KE (

4��4 ��P ,�	 �,�2&3 4�4� �	, P�� �2&3, C�E 
�#� 6E�D5 2�E 2�, �O /1C��F  DKY�? =��J�    �KE D-K>E K�O 

��55.����� C�E 
� 
�#� ��55. �/��D �I� 
�g ��.�1 D. �1�2� @�01 �61L .�D12�� �	, �����  ��/� K�� C�E� K#� � _K��E 


 Z�H� �R4 ,�Y��2 2 ��4 ��e6E�[� ��  .���}1�. @2��9�	 
30 )2017( /1C��� �	,   DKY�? =��JK�  D-K>E  
� �KE 

 b�1�.2�  �1��. �4��EP D. �1�2� @�01 �61L .�� 6E�D5 DE ����X �R4 
      dK�YI� �� .��2� �:-K>E ��K�/1C �K.���

@2��9�	 
 }12
31 )2020�( /1C 
��� FDY�? =��J�  D->E7�; �E �1�� �4��E D��1�.
� ,�
L.   F�K�/1C ��  b
2 =��JK� 

���A-42 b�HI�  ���,�4 C2 ���X  
 %
�# .��  b��) _��`RT 
 ( �����:,   ���A-K42 b�KHI�   ��K� ,�K4 C2 

��55.�����  
.�� 7�; _��` �
L, ��  ��� b��)MT  7K�; gK. �2�Y� �b�� 
� �	 �� D. �1�2� @�01 �61L .( �
L, 

�. ��4 
� ��2�#2 �� ��E�>? .�5� 9�	 
 d�R�@2��32 )2020�( �O DY�? =��J� F��/1C D->E  �E 2��O ����� 
 ��55.

���X 
� 4��E %
�#� �1��.  <aP2 %
�# �4 �E D.7�; 
 �G�HI� ,�
L � E�P�� �55. B��R� . \ �� �K61L K��2�, 
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C�> I��R� ��H-P2 
, 
�� 2��h ��  .�5.=l 
 @2��9�	 )2021 ��2�-K42 (, �K	,  7K�; �
L,   �KE 2�  ,�	��-X�K4

7�;  D��1�.
� ,�
LDB��R� .�1��. �O b�1�.� ���A-42 b�HI� C2 2� ��� �f�d a1L <�A-���= 7�; �
L,  � b�1�. 
��: 

C2 2� �G�HI� �f�d �O -54 b�1�.� ���#� ���61L .�5.  �4��E =�c��2�-42 ��6l�, �2� @�01�1  D. b��-54�� 

��� ��4�����X 
 ��55. � ��e6E 2� %
�#� .�0WE  @2��K9�	 
 ,�33 )2017  ��K�/1C OK� (   DKY�? =��JK� ,   
� \-K>E

���X O� 
 ��55.����� O� g��� 2� ���1�. %
�#   b�HI� ��55.����� .�5-#�3 �U1 ��DE 2�   ��K�� K��P   
 �K�
�#

C2 L b�1�. d��f���X DE =�a# %
�#  �� ���X .��
�#    ���KX K��P DKE 2� b�HI� ��1 %
�#     @���-K0� DKE �K�
�#

��        Z�KH� DKE (=K�a1L) T�Y-K>� K��P �� 
 T�Y-K>� b�K1�. �� 2� b�HI� ��55.����� =�5j�	 .��
�#   @�3�K55.

�� ��P D. �1�2� @�01 �61L .��
�# T��H� I� =�a1L 
 =�a#L \5�6E ,�	  ,��3��� I� ��P C2 �-0�E ��.��-�

T��H� .42 �.��-� ,��3  

�G�� =�5j�	34 )2023DY�? =��J� F��/1C k�9B� b�1�. s�W-12 �� 2� =E�. ��0-12 
 gY1 
 g�? ��`J� (  D-K>E  

� 
2 d�YI� �� .�1��. DB��R�C�E b������ �	��-X�4 I�, D4 
 k�9B� b�1�. V�-W� �3 D1#�� DB4��  
   K4��E� 

�2� @�01 
2 h��-1 .��  �� �	�. k�9B� gY1 
 g�? \�8�# �� ��2�#2 �E D5�6E �����C�E q�1    gKY1 
 gK�? ��2 ��E��

@2��9�	 
 ��� .��2�1 @L �� ,��`J� T�Y->�35 )2023DY�? =��J� F��/1C \9e� O� ( 1��. D~2�2 2� ���->3 \->E �   D.

>�C ��`L �� D5�6E D#�	�5l ��9�
� �E 2� ����-;2 
 ,��H-P2 ��R�I� .��.   ��-K>�4 ��� 
 ��9�
� O� �61L b��

S4�5�  @2��9�	 
 �~�3 .��. ��/�2 =��J� F��/1C ,�[�2 ,2�E 2�36 )20247�; �����H� F��E�� (  �G�HI� ,�
L

DY�? =��J� F��/1C �� �2� @�01 �61L h��-1 .�1��. DB��R� D->E       
 �K��; �G�KHI� %��AK4 @2�K�� 
 03C�E q�1

DE ���������C�E �E�I� 
 �BY� 7E2�� S����   .�12  

��337 )2023iaE �Y1 ( DY�? =��J� F��/1C ,�	�5�L�# �� 2� =�l   �2� @�K01 d�YI� =�2 h��-1 .��. �4��E D->E

DE D. iaE ,�
�5# ,��3��. D5��	 �=�l    �K� �	�K. ,��K�C �? �� 2� =��J� F��/1C ,�	     
 @�K4�# \KB��R� �� .�K	�

@2��9�	38 )4202@���; (  F��/1C �� �-03C�E ,�	 DY�? =��J� �a� �`2 =-#�3 �U1 �� �E D->E39  .�� �4��E ���l

C�E C2 �BE d�YI� =�2 ��7�; �[� ,�4 C2 �G�HI� �4� ,�
L  .��) ��55.   ���G�KE �[� DE �61L m�;�2 
 (_��`

�� �����C�E ��55.����� Z�f C2 �a� �`2 .�1��     F�K�/1C =K�2 �� �G�HI� �A�. �	�. DE     �� .�K� �K/5� =��JK�

���1 DE�0� �0	
�� }12
 
 @2��9�	 )2024i2�-�2 ( 2���af   F��/1C �� DY�? =��J�   
 DK��1�.
� ��-X�4 �E 2� D->E

�RX��� ����� \5��	 I�  ��	�0� 
 h��-1 .�1��. �4��E      ���KX ��K�af2 
 ��K4 DK. �2� @�K01 �61L ,�	   %
�K#

DE =��J� =�E �a��B� ��`J� I� ���   .42 ��55.����� 
 ��55.  

2-3 L�@- ���Y�YI�  

D-�&3 DE�0� ��Y�YI� �� @2��9�	 
 @�942
�4 �51��40 )2004) D� 
 }1�	 
 (2012DE (    ,�	��-X�K4 �SK����

DE D��1�.
� 
 D��1�. O�   �	
�K� =K�2 �� .�1�� �4��E 2�/� ���8       OK� ,�	��-X�K4 �K4��E �KE �
aK�   
 DK��1�.

D��1�. D4 ��-X�4 �D��1�.
� �� g��I� �61L h��-1 
 �4��E ��1 DE d�YI� =�2 �� .���      �K4�C�E \K5��	 C2 ���A-K42 gK���

O� ,�	��-X�4 �� D. �� ��	�0� ��G�HI�      2� �G�KHI� ��K55.����� @L �� DK. ,��-X�K4) b
2 ��-X�4 �D��1�.

7�; �� ,�
L e>1 2� ��4 =��-0�E (�5. O� ,�	��-X�4 �:�� DE .����� ,2�E D��1�.�� ��/�2 ���/1C 
 ��55   �� ��K5.
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���X) <
� ��-X�4 �@2��9�	 
 @�942
�4 d�YI� �� D. ���? 7�; �[� %
�# ,�
L    2� ��K4 =��-K0�E (42 ��55.

�� ��/�2 ���/1C 
 ��55.����� ,2�E  7K�; ,�	��-X�4 \�	 ���E =��
2 ,2�E d�YI� =�2 �� =�5j�	 .�5.  ,�
L   gK��I�

�� D;
 �� �1�� �4��E 
D-X�5� ,�	��-X�4 ���  ��� g��I� k�42�E .��� xW0� ,�-�2��� 
 �c��� ,�	 

3- M�� K���� ���5-  

3-1 N, �7)O  

��P ��	
�� =�2 ��  ��-X�K4 ��I� �E k�9B� =��J� F��/1C �� ,�2&3    7K�; VK�-W� ,�K	   �G�KHI� ,�
L

 O� ��-X�4 D-4� D4 
 �4��E D4 ��-X�4 O� 
 D��1�.
� �D��1�. ��1�.�� D-#�3 �U1 �� D ��   OK� �	��-X�4 \�	 �� .�

���X O� 
 ��55.����� �2� ��;
 %
�# 7�; �b
2 ��-X�4 �� .�    �K� <�K/12 ��K55.����� 2� �G�HI� ,�
L   �� .�K	�

7�; ������ �<�4 
 <
� ,�	��-X�4 DE �G�HI� ,�
L ���X DE S���� �� �2&32
 _��` .�� 
 %
�#   �� .��K�

<��6l ,�	��-X�47�; �T0� 
 T/5� � DE �G�HI� ,�
L      �K� <�K/12 2�K/� b�K1�. 
� �KE �e�.�� ���8   �� .��K�

DE �T/5� 
 <��6l ,�	��-X�4 DE ��55.����� S���� ���X O� �2��	 DE ��55.����� 
 %
�#     �_K��` .�K� OK� �2��	

7�; ��. �� <�/12 2� �G�HI� ,�
L 7�; ���M>� �T0� ��-X�4 �� .�5	� HI� ,�
LDE �G� T	 ���8  DE @��C

���X �� �2&32
 _��` .�� 
 %
�#   DKE ��K55.����� T-A	 ��-X�4 �� .���   ���KX �2�K�	     �_K��` .�K� 
 %
�K#

7�; ������ �� <�/12 2� �G�HI� ,�
L   .�5	�  

3-2 ./P3 Q%�!' ���)%R� � ��)�����  

DE b�� ��U5� D�M>� ,C�4� DE T��H� ,�	��]-� 
 �	�-�2��� �8�� V��B� ��C �� :�1��  

N�,�1- Q%�!' ���)%R� N, ./P3 �4���  
Table1- Decision variables of the model 

���+ ��"%4 '  

w  ���� ��P ���X DE ��55.����� ,�4 C2 b�HI� �?2
 �	 ��
�# %
�#  

�� ���X ,�4 C2 b�HI� 03C�E S��c %
�#  

p  X ,�4 C2 b�HI� �?2
 �	 %
�# ��P��� ,�-0� DE %
�#  

��  b�HI� 03C�E S��c _��` .�� ,�4 C2 

�� ��55.����� ,�4 C2 b�HI� 03C�E S��c  

N�,�2- ./P3 �4��� N, ������+ � ��)�����  
Table2- Parameters and symbols of the model  

���+  ��"%4 ' 

� 7�; �G�HI� ��P ,�
L (�-03�E) ���  �� ��55.����� ,�4 C2 ��82 b�HI� ����� \5��	  �� �-03�E b�HI� ���B� �� �����C�E \5��	  �� �
� \5��	 �-03�E �G�HI� ���  �� �-03�E �G�HI� �4�C�E \5��	  
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���+  ��"%4 ' 	1 ���X ,�4 C2 �-#��C�E �G�HI� �-X2��� D5��	 @���-0� DE %
�# �1 E �G�HI� �-X2��� \5��	���X DE ��55.����� ,�4 C2 �-#��C� %
�# � �G�HI� 03C�E E�` \5��	  �G�HI� ��B��c �8�� � �2C�E �� D��� ,�c�Y� � �2C�E �� ��P DE �c�Y� �4�>? S��c  �� ��55.����� ��4 7E��  �� ���X ��4 7E�� %
�#  �� _��` .�� ��4 7E��  ��� ��4  ��-X�4 �� ��55.����� ����B�i ) <2i=1, 2, 3, 4, 5, 6, 7(  �� ���� ��P  ��-X�4 �� ��55.����� ����B� ��
�#i <2  ���  ��-X�4 �� ��55.����� �G�HI� ����B� 03C�E q�1i <2  ��� ���X ����B� ��4  ��-X�4 �� %
�#i <2  	� ���X ��P ���B� ��
�#���X �  ��-X�4 �� %
�#i <2  ��� ���X �G�HI� ����B� 03C�E q�1  ��-X�4 �� %
�#i <2  ���  ��-X�4 �� _��` .�� ����B� ��4i <2  ���  ��-X�4 �� _��` .�� �G�HI� ����B� 03C�E q�1i <2  

3-3 ./P3 ��4�)�  

�� =�2 �	
��C ��c
�A� �D-#�3 �U1 �� �� �� :�1��  

� p42 D->E2
 �G�HI� ��P DE �c�Y� @2���  

� ���X 
 _��` .�� DE ��55.����� �-X2��� \5��	 p42 @�>9� �-03C�E �G�HI� ,2�E %
�#  

� DE g? ��9�
� \��U1 ���8 ,C�E z�e�9-42  ���KX 
 �e	� ��55.����� @L �� D. 42     _K��` .�K� 
 %
�K#

�5->	 
��� .� ����B� ����Y� 2�-E2DE T��H� ,�	��]- T	 ���8 ���X ,2�E @��C   DKE _��` .�� 
 %
�#   K4�

�� �� ,�2&:��; ��55.����� ��4 7E�� �� 
 �5�L DE T��H� ,�	��]-� ����B� ����Y� n{4 p�1��  �� 4� p�5�L  

� 42 �-0�E �-03C�E b�HI� �����C�E \5��	 C2 ���; b�HI� ����� \5��	 < 

� �����C�E b�HI�  I� ������X DE xW0� ��P �� D-X
�# %
�# ���X 
 ���  ��P I� 2� @L ��1 %
�#

�� Dc�� �2C�E DE ����; b�HI� ��P C2 �-�. 
 xW0� p�5. 

�  \5��	 �E �-03�E �G�HI��� �� �4�C�E ��55.����� ,�4 C2 p�1�� 

� DE �4�C�E C2 n� �-03�E �G�HI� C2 �0WE     �K� D-X�5K� ���B��Kc b�KHI� @2�5�   \K5��	 b�K��2 �KE 
 ��� �

�
� �� ��� p�1�� 

�  ��P �E ���; b�HI���  ,�K4 C2     K��P �KE 
 �K���� ��K55.������   ���KX DKE    �K� DK-X
�# %
�K#   
 ��K�

���X  ��P �E 2� @L ��1 %
�#p �� ,�-0� DE p��
�# 

� D-#��&� �-03C�E �G�HI� \5��	 �E ��� �� �����C�E  xW0� ��P �E 
�1 ���X DE �� D-X
�# %
�#   
 ��K�

���X xW0� ��P �E %
�#	1 �� ,�-0� DE p��
�# 
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�  \5��	� �� X2��� ��G�HI� ,2�E �� D-#��&� �4�C�E C2 �BE D. ���   p�1�� 

�  p42 ���; �G�HI� ,�c�Y� C2 �e��c �-03C�E �G�HI� ,�c�Y� 

� 7�; E�` \5��	 7�; ,�4 C2 �G�HI� ,�
L  ��55.���  
� 42 D5��	 n5; C2 E�` �-�2��� O�.  

DE �c�Y� b�� =�2 �� DE ���P DE D->E2
 ���8 �� ��# ��C ���8 :���  

)1(  ��	� = � − �	 
 ��	� ≥ 0  

 DRE2� =�2 �� D.γ  
 b�HI� ��P DE �4�>? �-�2���� .42 �2C�E �� D��� ,�c�Y� ��1  

 7�; ��-X�4 D-4� D4 D�2�2 �� I� ,�
L��� g? 
 �4��E �G�H O� ,�	��-X�4 b
2 \-4� �� .�12   �� �DK��1�.

D4 ��-X�4 O� <�4 \-4� �� 
 D��1�.
� ,�	��-X�4 <
� \-4�      �� <�K4 
 <
� �b
2 ,�	��-X�K4 .�K1�2� �2�KP D��1�.

.�1�2� �2�P <�4 \-4� �� T-A	 ��-X�4 
 <
� \-4� �� T0� 
 T/5� �<��6l ,�	��-X�4 �b
2 \-4�  

4- .�7�� � ���  	O
�: �� 

KT� $�� ��   �K� gK? ,C�E \��U1 C2 ���A-42 �E d�YI� =�2 �4��E ���� ��-X�4 A	 �     ����KB� ����KY� 
 �1�K�

DE T��H� ,�	��]-�  �� 4� @��	 .�5�L           b�K� C2 DK-#�3�E dK�YI� =K�2 �U1�K� b�K� ��K� ���K�2 TK	 �aeP D. D1�3

) @2��9�	 
 @�942
�42004) @2��9�	 
 }1�	 
 (2013        �D�MK>� T��KH� ,�K	��]-� �2�KB� DKE DK;�� �KE .42 (

���X �T��H� ��]-� 
� �E ��55.�����  .�� 
 T��H� ��]-� 
� �E %
�#   D�MK>� g? @��C �T��H� ��]-� O� �E _��`

,�	��-X�4 �� T��H� ,�	��]-� �2�B� 
 DE �V�-W� ) b
�; ���83.42 ( 

N�,�3- U/�T ��������� �� Q%�!' ���)%R� ��,O' � H0 V��  
Table3- Solution time and number of decision variables in different structures  

������  b
2  <
�  <�4  <��6l  T/5�  T0�  T-A	  

(.%+�W) H0 V��  128  125  124  600  598  610  1500  

,O'Q%�!' ���)%R� ��  3  3  3  4  4  4  5  

   

 ) b
�; DE D;�� �E3e>1 D��1�.
� ,�	��-X�4 �� T��H� ,�	��]-� �2�B� ��2�#2 
 ( O� ,�	��-X�4 DE D��1�.  �

�� ��2�#2 g? @��C  DE .�E�� =��	  D4 ��-X�4 �� g? @��C S���� .42 D-�2� ��2�#2 (T-A	 ��-X�4) D��1�.  

4-1 N�� ������-��� �,55D,%
 ' � � �� �� !" ���#  

   ���A-K42 �G�KHI� ��55.����� ���-X�4 =�2 ��  �K�  7K�; 2� �  �K� ,�
L   �K���� .�K5.    7K�; C2 �KBE ��K55.  ,�
L

�G�HI�  �λ 2� �61L C2 �8��  DE �� �
� ��B��c @2�5� �� �����C�E 2� �YE�� 
 ����   xWK0� ��P �E 
 �5.�1   DKE

���X �� %
�# X 
 ��
�#���    xWK0� K��P �E 2� �G�HI� =�2 ��1 %
�#	1   DKE    �K� ,�-K0� K4�   .�1�K4�

g9�)4(    
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H@-4- ��� ��#� � �� �� !" � 
 '%�,55D,  

Fig.4- Collection of products by the manufacturer 

�,55D,%
 ' � � ���'  

)2(  �� = �� − ���D�p� + �1 − ��w1 − �����D�p� − �!��D�p� − ����D�p� − ���2  #$:��	�� ≥ 0�	� > ��'	����	�1� 
) \RE2� ��2 DE <
� 
 b
2 ���e� �(     .K42 �-K03�E b�K1�. 
 ��; DE 
� b�1�. �� �G�HI� %
�# ��4 S����

���e� 
 ��55.����� ,2�E �G�HI� �4�C�E \5��	 �<�4 ���e�  
 <��6l ,�	DE ��1 T/5�    
 �K���
� \K5��	 S����

7�; E�` \5��	 �G�HI� ,�
L .�12  

��)� � � ���' M�)7    

)3(  �� = �	 − ��D�p� + �1 − ��p1 − w1���D�p� 	(): * ≥ +X	* ≥ , 

 ) \RE2� ��3���e� �(  DE <
� 
 b
2 ,�	 ���X ,2�E ��������C�E 
 ���; �G�HI� ��4 S���� .42 %
�#  

 2
�<�1 C2 ���A-42 �E rE �9�-�-� �2�#2 41 g? �� �4��E D�2�2 �� h��-1 
 .�1��  

 DE ) \RE2� C2 2�-E2 ����B� ����Y� =��B� ��U5�3e>1 (  ��]-� DEp �� D-#�3 d-0� .���  

)4(  	 = � + �� + �p1 − w1��−1 + ����2�  

 ) \RE2� ,�2&:��; �E4) \RE2� �� (2) \RE2� �(5�� g8�? ( .���  

)5(  �-. = 12��� − ��� + ���−� + ��� + �−� − 1���w1 + ��p1− 2w1�� + ���−� − 1���w1 + ��p1− 2w1��� − �� − ������ + �� + �� − ��� − 2��� +�p1 − w1��−1 + ����� + �� + �−1 + ��w1 − ������ 
d-0� �E 2� C2 ,��3) \RE5e>1 (  DE w 
��DE b
2 ��-X�4 �� �61L ����B� ����Y� � DE ��C ���8  �� 4� .��L  

)6(  �.= 	����� + ��� + �−1 + ���−p1 + w1���� + ��w1 − �������� + �� − �−1 + ��p1 − 2w1 + ����−8� + p1��−1 + ��� + ���� + �� + �−1 + ��2p1 − ������� + �� − �−1 + ����  

−12 �� + �����−2� + �p1 − w1�w1�−1 + ��� + �p1 − w1��−1 + ����� + �� − �−1 + ����−8� + p1��−1 + ��� + ���� + �� + �−1 + ��2p1 − ������� + �� − �−1 + ����  

)7(  ��.= ��� − ������� + �� + �−1 + ��p1 − ����−8� + p1��−1 + ��� + ���� + �� + �−1 + ��2p1 − ������� + �� − �−1 + ���� 

���X%
�#  

��55.����� 

@���-0� 

DE 
� @���; ��; 

�-03C�E @���; 
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 �E�;) rE2
� ,�2&:�6) 
 (7� ����/1C ,�[�2 T��H� ,�	��]-� 
 ��4 rE2
� �� (    DKE �K61L ���K61 ����B� ����Y

 �� 4� .��L  

4-2 Y�� ������-��� ��)� � � �� �� !" ���# M�)7  

 ���X 2� �-03C�E �G�HI� ,�
L��3 ��-X�4 =�2 ��  %
�# �� <�/12  7K�; b�eP �� 
 �	�   ��G�KHI� ,�
L

�� #���� ��55.����� C2 2� �]�e�  �G�HI� ��55.����� � ��-X�4 =�2 �� .�5.7�; ,�
L  �4�C�E 2� ��� ��   DK. �5.

 �G�HI� =�2 C2 �8��  DE �� D-W�� �
� ��B��c @2�5�    DK-#��&� �G�KHI� .�1�K�     K��P �KE ��K��   ,�K4 C2

,�2���X ��55.�����   K��P �E ������C�E C2 �BE 
  ��K� C2   =�K�B�    F�K��1   ���KX DKE    �K� DK-X
�# %
�K#   
 ��K�

���X E 2� �G�HI� =�2 %
�# xW0� ��P �	1 �� �2C�E �� ��
�#  g9�)5.( 

  
H@-5- ��� � � �� �� !" ���# ��)� M�)7  

Fig.5- collection of products by retailer 

�,55D,%
 ' � � ���'   

)8(  �� = �� − ���D�p� + �1 − ��w1 − �����D�p� − �1 − ����D�p� − ����D�	� − ����D�p� #$:� ≥ 0�	� > ��'	����	�1� 
) \RE2�8�� @�01 2� ��55.����� ��4 �(        ��K4 <
� ���Ke� ��K��; �G�KHI� C2 %
�K# ��K4 b
2 ���e� :�	�

���X DE �-X2��� \5��	 <�4 ���e� ��-#��C�E �G�HI� C2 %
�#  DK-#��&� �-03C�E �G�HI� ,2�E %
�#   ���K�

\5��	 <��6l ���e� .42 �G�HI� ����
� \5��	 T/5� ���e� 
 �4�C�E  

��)� � � ���' M�)7   

)9(  �� = �	 − ��D�p� + �1 − ��p1 − w1���D�p� + �1 − ���� − ���2 	(): *X	01 ≥ +X	* ≥ ,	 
) \RE2�9���X ��4 ( �� @�01 2� %
�# ���e� D. �	�  DE <
� 
 b
2 ,�	 � %
�# ��4 S����   �K��; �G�KHI

7�; ,2�E ��55.����� C2 �-#���� b�� <�4 ���e� .42 �-#��C�E 
     KE�` \K5��	 <��K6l ���e� 
 �G�HI� ,�
L

7�;              .42 �G�HI� ,�
L  

DE 
� @���; ��;  

�-03C�E @���; 
���X %
�# 

��55.����� 

,�-0� 
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 DE ���X T��H� ,�	��]-� ����B� ����Y� =��B� ��U5� %
�# X��9�
� D95�2 DE D;�� �E g? DE ���8   z�e�9-K42

2 2�-E2 �42) \RE2� C9e>1 (  T��H� ,�	��]-� DEp  
�� �� D-#�3 d-0� .���  

)10(  p = �� + ��p1 − w1���p1 − w1��−1 + ��� − 2��� + �����4� − �p1 − w1���−1 + ����  

)11(  �� = − �−1 + �32� + �p1 − w1��� − ���44� − �p1 − w1�2�−1 + �2�  

) rE2
�10) 
 (11(  � ��) \RE28 (�;,�2&:�  DE ��55.����� ��4 7E�� 
 �� De4�I� ��C ���8 .���  

)12(  �m2 = 1 4� − 61⁄ �� + �� + 62 − 2��� + ��� �4� − 61⁄ � �4��68 + �� − w1� + �� − p1���p1 − w1��� − �4��� + � ��2� + 4��−1 + ���� + �p1 − �w1� + �p1 − w1��� − ������ + ��� 
) \RE2� C212e>1 (  DEw D-#�3 d-0�  DE @L ����B� �2�Y� 
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Fig.9- collection products by retailer and third party 
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Fig.10- Collection products by manufacturer, retailer and third party 
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Fig.11- manufacturer's expected profit in single structures based on different values of p and q 
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Fig.12- manufacturer's expected profit in single structures based on different values of p and q 
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Fig.13- manufacturer's expected profit in all structures based on different values of p and q  
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Fig.14- Manufacturer's expected profit in all structures based on different values of p and r 
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Fig.15- manufacturer profit per r 
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Fig.16- return rate for manufacturer per r  
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�	 D-#�3 �U1 �� �-03C�E �G�HI� ,2�E ,��G�E ��P Dl     ��K55.����� ,2�KE �G�KHI� 03C�E S��c ����

�� �-0�E DE b
2 ��-X�4 �� ��� P� .���     �K� ,�
L��K3 2� �G�KHI� ��K55.����� ��X D95�2 g���    S��Kc ��K5.

.(}1��e4 �2���1) ��2�1 �-03C�E �G�HI� ��P �E �f�e��2 �G�HI� 03C�E  
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Fig.17- return rate for manufacturer per F 
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Fig.18- retailer profit per q 
@��	 ) g9� �� D. ��f17�� ��	�0� (         KE�` \K5��	 ,2C2 DKE ��K55.����� �G�KHI� K03C�E S��Kc ����

2 Dl�	 D. 42 �B�ef 
 D-�2� ��
�1 ��4 �G�HI� ,�
L��3       gK���� ��K��E �-K0�E ��K55.����� ,2�KE DK5��	 =�

) g9� .��2� �G�HI� ,�
L��3 DE ,�-�.18�� @��E ��1 ( �	 D. �5.      �� K��P DKE �Kc�Y� �K4�>? S��c Dl

���X ���� ,�-�. ��4 ����E �-0�E �2C�E �� %
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H@-19 ��)� 1�8��� g)+ .  ���� .� M�)7r 

Figure19. return rate of retailer per j 
H@-20 ���� .� [
�W 1D)- 1�8��� g)+ .s 

Figure20. return rate of third party per 1 
) g9�19(  �� @�01 ���X ,2�E �G�HI� 03C�E S��c D. �	�        ^�Ke��2 �2C�KE �� DK��� ,�Kc�Y� �KE �%
�K#

@��	 
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�	 42 �B�ef .��2� �-03C�E �G�HI� ��P �E ���Y->�       .�K� DKE ,�-K0�E �K�e� DKl     K03C�E ,2�KE _K��`
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Fig.21- retailer profit per s 
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Fig.22- Third-party profit per s 
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 �	��-X�4 �:�� DE  

���� ��4 ���1 �WE =�2 \�2�2 �� ��U-12 O� ,�	��-X�4 �� D4 ��-X�4 �E D��1�.
� 
 D��1�.�� D>��Y� D��1�.   .��K�

DE e>1 =�2 �� V��B� ��C ���8 :���  

)60(  t� = o�o�U , �! = �1; 	�2; 	�3; 	�4;�5;�6� 
DE �� 4��E b�e1�� 2�= ->	�T �Y� �� ��-X�4 <2�. D.�D> D4 ��-X�4 �E  D��1�.2�E, � ����Y� �K	�-�2��� V�-W  2�KE, 

��55.����� .42 ���
L��4 ) b
�; �� ��. =�2 ,2�E5�(  ,2�E �A�-W� ����Y�, �1 ��    �K� DK-#�3 �KU1    \K�YE .��K�
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�; dE�R� ��1 �	�-�2���4.�5->	 ( 
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N�,�5 .vw )�  )���� e���xg  �p  
Table5. vw in terms of λ and xg 

,g m 
,g = y+  ,g = g++ ,g = gg+ zg z{ z| z} z~ z� zg z{ z| z} z~ z� zg z{ z| z} z~ z� 

0  0,71  0,67  0,63  0,88  0,75  0,77  0,79  0,74  0,72  0,88  0,82  0,83  0,85  0,82  0,80  0,89  0,83  0,86  

0,1  0,72  0,67  0,64  0,89  0,76  0,78  0,80  0,75  0,73  0,89  0,82  0,84  0,86  0,83  0,81  0,89  0,83  0,86  

0,2  0,72  0,68  0,65  0,90  0,77  0,78  0,80  0,75  0,73  0,89  0,83  0,85  0,86  0,83  0,81  0,90  0,84  0,87  

0,3  0,73  0,68  0,65  0,90  0,77  0,79  0,81  0,76  0,74  0,90  0,83  0,85  0,87  0,84  0,82  0,90  0,84  0,87  

0,4  0,73  0,69  0,66  0,91  0,78  0,79  0,81  0,76  0,75  0,91  0,84  0,86  0,87  0,84  0,82  0,91  0,85  0,88  

0,5  0,74  0,70  0,66  0,91  0,78  0,80  0,82  0,77  0,75  0,92  0,85  0,86  0,88  0,85  0,83  0,92  0,86  0,88  

0,6  0,75  0,70  0,67  0,91  0,79  0,81  0,82  0,77  0,76  0,92  0,85  0,87  0,88  0,85  0,83  0,92  0,87  0,89  

0,7  0,76  0,71  0,67  0,92  0,79  0,81  0,82  0,78  0,76  0,93  0,85  0,87  0,89  0,86  0,84  0,93  0,87  0,89  

0,8  0,76  0,72  0,68  0,92  0,80  0,82  0,83  0,78  0,77  0,93  0,86  0,88  0,89  0,87  0,85  0,93  0,88  0,90  

0,9  0,77  0,72  0,68  0,93  0,80  0,82  0,83  0,79  0,78  0,94  0,86  0,88  0,90  0,87  0,85  0,94  0,88  0,90  

1  0,78  0,73  0,69  0,93  0,81  0,83  0,84  0,79  0,78  0,94  0,87  0,89  0,90  0,88  0,86  0,94  0,89  0,91  

  

) b
�; def3 �(t� �E  k�42 �� T-A	 ��-X�4 .��2� ,��B8 �1
�       ,�-K0�E ��K4 �	��-X�K4 �K:�� �KE D>��Y�

�� ��/�2 �� @�01 ��# b
�; h��-1 =�5j�	 .�5.   DK��1�. O� ,�	��-X�4 DE D��1�.
� ,�	��-X�4 ��4 e>1 D. �	�

b�o� ,2�E p��2� ,��:�0l �
�A�   = .5  
�1 = 90  T��2�t. = .74  
t. = .91.  

�42�E ,��� b�o� O� ���1 �WE =�2 ,�6-12 ���� D~2�2 �	�-�2��� ����Y� k ) b
�; �� .���6  DKE ^�E�� ����Y� (

A	 ,�	��-X�4 �� ���/1C ,�[�2 T��H� ,�	��]-� .42 ��� ��2� @�01 D1�3  

N�,�6.- ��,= N�i c���+  
Table 6. Numerical example results 

Q���  Q�-  Q*5�  Y��^A  Y �  Y��  N��  
 ������   

  Q%�!' ���)%R�  

68/239  80/252  66/260  20/246  14/269  65/264  21/266  � 
T��H� ,�	��]-�  

��55.����� 
63/0 - 60/0  62/0  -  - 56/0 �� 

63/3191  93/2424 01/2361  67/2849  46/1949  62/2064  24/2215  o� 

16/305  68/322  15/325 80/330 10/341 82/336 80/330  	 
 T��H� ,�	��]-�

���X %
�#  
23/0  35/0 - 32/0 - 20/0 -  �� 

98/2133  73/1452  40/1507 62/1966 69/1027 73/1237  01/1327  o� 
14/0 12/0 11/0 - 09/0 -  - �� T��H� ,�	��]-�  

_��` .��  93/25 48/22 48/17 - 92/11 -  - o� 
  

) b
�; ��6�� ��	�0� (  C �K[� D4 �	 ��4 ����B� ����Y� D. ���    eK>1 T-KA	 ��-X�K4 �� ��K�/1    �K:�� DKE

D��1�.
� ,�	��-X�4 �� =�5j�	 .42 �-0�E �	��-X�4�  ���KX 
 ��55.����� ,2�E <��6l ��-X�4    ���
L��K4 %
�K#

O� ,�	��-X�4 �� .42 ���X 
 ��55.����� ,2�E b
2 ��-X�4 ���1 D��1�. C2 %
�# .42 �-6E ,�
L��4 �U1  
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6- ��� .*%�+ � �,5�  �)%8  

G��g C���, 7�; 2�l D. ��2� ��;
 �
L,  �G�HI����A-42 ��� ��� 
��  .42 T6� �61L ��/�<�6A� =�2     DKE

���� �	�., D#�8 �=E�. �;�� ��12 ��,� 3��;��, 3���L C2�� �	C�3 �	�., D1�W�3 2, � 
���   OK�. �K�   .�K5.

�9� �H� C2���� �6�� .�� D. �	, �����, D;2�� @L �E �12 KI1 ��F  K?2�f�  K4��-X�   2�KE SK4�5�,  7K�; �
L, 

 �G�HI����A-42 ��� 2 �� .42�= YI��d O� ��-X�4 D4  
 D��1�.
� ��-X�4 D4 �D��1�.�O D4 ��-X�4 2�E D��1�., 

7�; �
L, ���A-42 �G�HI� ���  4��E� ���	 .�D5 2, 2�E, 7�; �
L,  �G�HI����A-42  ��K� �	 
� DK5 2,  2�KE, 

4�C�E� W0� 
�x 2B� <aP�-#�3 �U1 �� s��T��� ��	��-X�4 <��� �� .���55.� �82 �G�HI�� ���X DE 2�   %
�K#

�� ��
�# ���X n{4 
 �61 b�HI� %
�#�� �2C�E DE 2�, �c�Y� �E, P DE D->E2
���  K��  �K�
�#  �KH� �K� .���� 

P�� �2&3, ��55.����� ���X 
  def 2� %
�#�O 
�\�  k�9B� �1�K4� ����B� \RY1 DE.T�   K5j�	�=    %aK� �RK4

E2�, 7�; �
L, ���A-42 �G�HI� ��F 6E 2� �[� �	�D5 ��.�Tn{4 p 2�= � C2 2� �	��-X�4 K���3�  �Y� ��1C�K4� DK> 

��.�T.  

�E �-1 DE D;���h �c�Y� �32 ���, ��\� ) �2C�E��c C2 �-�. (�S �	�5\ 7�; �
L, )��	��-X�4 �� (,  OK�  ��K1�.� 

��� 42 �-6E ����E�55.��� ���A-42 �G�HI�   DKE 2� ��K�  �K65���  7K�; �
L,   P �K32 .�K5.� K�    �G�KHI� �K?2


7�; �
L, ) ���� C2 �-�. (� �	��-X�4 ��, ��� 42 �-6E ����E D��1�.
�� ��K55.�   �G�KHI� ���A-K42  ��K�   �KE 2�

���X 7�; %
�# �
L,  �32 .�5.G  
	� DE C2�12F #�.�  D. �5��E z��E��'��, �� < �  
�� < 	�� �2�P�E ��� �

 42 �-6E��55.����� D4 ��-X�4 C2  D��1�. .�5. ���A-42�2� @�01 h��-1 D4 ��-X�4 D.  DK��1�.  1�K�C�  2�KE, ���� ��K55.� 

E D. 42 ���
L��4��-0 7�; �G�HI� �
L, ��� 5j�	 .�5��E xY1 @
�E�=  =-#�3 �U1 �� �E����Y� �	�-�2���, 

 �V�-W�e>1 D��1�.
� ,�	��-X�4 ,��2�� O� ,�	��-X�4 DE D��1�..�� D->;�E � 

 �d�YI� =�2 \�2�2 �� V�2- �c�Y� DE ���8 ��RX�� �� ���-?2  �K� DK-#�3 �U1 �� �  s p��K�-  ��K55.�����   
 �K	

���X %
�# ,�-0�E ,�	  �� �2�P �U1�� ���X 
 ��55.����� =�E 
 �1��3 J� F��/1C ,�	�2��2�P %
�# �2��2�P go� =��

�� �YB5� 2� �	�2��2�P �:�� 
 �0WE
� \#�B� ���4 T�6>� � p���- ��-X�4  7K�; �:�� ,�	  �G�KHI� ,�
L    �K�1  

�� �4��E �� ��;
 DE D��1�` �2C�E O� ���������C�E �G�HI� %
�# ,2�E 
 ��� DE ���L  DK1�3    ��K55.����� DK. ,2

�����C�E �G�HI� W0� ��P I� 2� ���e>1 ,�-�. 
 x �� %
�# DE @L �� ���; b�HI� DE  � 
 �1�K4�- 

��P ,2�E T��H� ��������C�E b�HI� ,�2&3 �� D-#�3 �U1 �� b�� �� ��55.����� T��H� ��]-� 
 ,��3  .���  

1� %�1     

���A-42 ,��H-X2 T~a� D��Y� �� ���  

6. = 12��� − ��� + ���−� + ��� 6� = −� − 1���w1 + ��p1− 2w1� 91 = �p1 − w1�2�−1 + �2� 92 = ��p1 − w1���p1 − w1��−1 + �2�		 98 = ��p1 − w1���−1 + ������ + 2� <. = ��−1 + ������ − w1� − ��� − 2p1 + w1� <� = �−1 + ���−p1 + w1���� + ����� 
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<8 = ��−1 + ����� + �� − �−1 + ��� �. = � + ��� + p1 − w1���−1 + ��� − 2��� + �� + �p1 − w1��−1 + ����4� − �� + p1 − w1���−1 + ���  

�� = �� + �� + p1 − w1��−1 + ��� − �� − �p1 − w1��−1 + ����−4� + �� + p1 −w1���−1 + ���  
  �8 = �2� + 4p1 − 2w1 − ������ + �� − �−1 + ��� �B = ���� − p1� − �2� + p1�w1 +w1���−1 + ��� �C = ������ + ���� − 4��� + ��32��� + �−1 + ��p1 − w1�4���� +��2� + 3p1 − w� �E = �� + 2�p1 + 2p1� − 2�w1 − 3p1w1 +w1� + �−p1 + w1��� T. = �� + ��−1 + ��−� + �� + �p1 − w1��−1 + �����4� − 2��p1 − w1��−1 + ���  T� = �16�� + 4��2��� − p1� − p1w1��−1 + ��� + �p1�p1 − w1�w1�−1 + �B��� T8 = �−4� + ��p1 − w1��−1 + ������� + ���−4� + ��p1 − w1��−1 + �������� TB = �−4���2� + p1 +w1� + ���p1 − w1��p1 + w1��−1 + ���� TC = �4� − ��p1 − w1��−1 + �����p1 − w1���� − 2���� TE = 4��2� + p1 + w1� − ��p1 − w1��p1 + w1��−1 + ��� + �−4� + ��p1 − w1��−1 + ������ TU = �p1 − w1��−1 + ����−4� + ��p1 − w1��−1 + ������ TW = 32�� + 4��2�� − p1� + 2��−2p1 + w1�� TX = �−8��� + p1��−1 + � + 2�p1�p1 − w1��−1 + �8�� T.Y = �4� − ��p1 − w1��−1 + ������� + �� − �−1 + ���� T.. = �2�� − p1� + 2��−2p1 +w1���−1 + ��� + �p1��p1 − w1� T.� = ��� + �� − �−1 + �����−8��� + p1��−1 + � + 2�p1�p1 − w1� �. = ��−1 + ��� − ���−4� + ��� + 4��p1 − w1� + �p1 − w1����−1 + ��� �� = �−4��2� + p1 − w1� + �2�� + 4��p1 − w1� + �p1 − w1����� + p1 − w1��−1 + ���� �8 = �16�� − 4��p1�5� + 2p1� − 3�� + p1�w1 + w1���−1 + ��� − �� + p1 − w1� �B = ��8 − p1�p1 − w1�� + 4�p1�−p1 + w1� − ���p1 + w1���−1 + �B�� �C = �4� − ��� + 3��p1 − w1� + �p1 − w1����−1 + ���� �E = �4� − ��� + 4��p1 − w1� + �p1 − w1����−1 + ���� �U = ��� − 2�p1 + p1�−p1 + w1���−1 + ��� + �� + p1 − w1� �W = �3�8 + ���3p1 − 7w1� − �p1 − w1���p1 + w1� − ��p1 − w1��3p1 + 5w1� �X = �−1 + ���−4��2� + p1 − w1� + �2�� + 4��p1 − w1� + �p1 − w1��� �� + p1 − w1��−1 + ���� �.Y = �p1�5� + 2p1� − 3�� + p1�w1 + w1�� �. = ���� + ���� − 4��� + ���2��� + �−1 + ���p1 − w1����� 

 

1� %�2Q
 ��dW� : �4��� ���  

I� Q
 ��dW�   

DE O� T� ��e`2 ,2�E �� g�� ��C ���8 :���  

�)-1(  ��. − ��� > ��� −��8 > 0 
� �2�P�E ��# ���e�� :���E �2�P�E b�� ,�	�-�2��� =�E ��C rE2
� D. �f�� DE ���� 

�)-3(  �2��� − ��−1 + �� < 8�� 
 =�2 ��� ��  O� ,�	��-X�4 �� ��55.����� ��4 =�E \RE2� ����8 DE D��1�. :42 ��C ���8  

�)-4(  ��. < ��� < ��8	 
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=�2 DE �� ��e`2 O� T� S����  .����   

��dW� �� Q
   

DE DE 
� T� ��e`2 ��U5� �� g�� ��C ���8 :���  

�)-5(  �� − �. < �. −�8 < 0 
 

DE ��# ���e� �� �2�P�E �f�� .���E �2�P�E b�� ,�	�-�2��� =�E ��C rE2
� D. ���  

�)-6 (  �p1 + w1��−1 + �8� < 34� + �� − p1��p1 − w1�4	 
=�2 ��� ��  ���� ��P =�E ^�e��2 ���8 O� ,�	��-X�4 �� ��
�# DE D��1�. :42 ��C ���8  

�)-7(  �� > �. > �8 

DE   =�2 �� ��e`2 
� T� S����  .����  

.� Q
 ��dW�   

DE DE D4 T� ��e`2 ��U5� �� g�� ��C ���8 :���  
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