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Abstract

The efficiency and accuracy of parameter estimation constitute one of the most vital
psychometric matters in behavioral science measurements. In the realm of item-response
theory models, the presence of diverse algorithms such as MHRM, together with their
application in tests featuring missing data, present considerable obstacles within the field.
The primary objective of this study was to explore the hazards associated with the MHRM
algorithm in multidimensional models of item-response theory, specifically in scenarios
involving polytomous data, by taking into account the nature and extent of missing data.
The methodological approach employed in this research endeavor was experimental,
utilizing a multi-group post-test design. A study sample was fabricated through simulation
studies conducted under diverse conditions for 27 independent variables, with 100
replications executed for each instance. The model utilized in this study was a
multidimensional scaled response model, and the parameters scrutinized comprised the
slope and threshold values of the questions. To generate and scrutinize the data, R
statistical software was utilized. The outcomes of the study unveiled that the MHRM
algorithm exhibits a decreased inferred risk as compared to both EM and MCEM
algorithms. The results also indicated that a statistically significant difference exists in the
risk of slope and threshold parameters across the three distinct mechanisms of missing
data. However, no significant variation was detected in relation to the independent variable
of missing data. Furthermore, a significant interaction was observed between the type of
algorithm and the missing mechanism, thereby revealing the optimal performance of the
MHRM algorithm. Consequently, as the algorithm is employed, a decrease in the mean
and variance of the MSE slope and threshold parameters occurs in all three loss
mechanisms, resulting in their convergence. Consequently, it can be strongly advocated
that the application of the MHRM algorithm is indispensable within data exhibiting high
rates of lost data and assorted loss mechanisms. Researchers are, therefore, counseled to
employ the MHRM algorithm in data analysis involving intricate structures such as high
data loss and diverse missing patterns.
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Extended Abstract

Introduction

The problem of insufficient data estimation and analysis methodologies
in the presence of missing data, particularly when dealing with a high
dimension of data points, is considered one of the most pervasive issues
within the field of data analysis. Noteworthy researchers such as Finch
888888,aaaa § 77717/,Koo & Snnnnnnnnm, Cai ())))) , aaaa 000000 &
Muthén (2012), and Lesaffre & Spiessens (2001) have all highlighted
this persistent problem. Given that many statistical assessments
necessitate the availability of entire data sets (Schouten, Lugtig, &
Vink, 2018), missing data presents a widespread and pervasive
challenge in scientific research domains, such as cognitive and affective
evaluations (Finch, 2008). The prevalence of missing data in the dataset
leads to significant drawbacks, including biased parameter estimations,
inflated standard errors, information loss, and compromised
generalizability of findings (Dong & Peng, 2013; Finch, 2010).

To effectively apply methodologies pertaining to missing data, a
thorough and valid assessment of their performance is of utmost
importance. In light of the mounting emphasis on missing data
methodologies within scientific research, it becomes crucial to identify
under what specific conditions a particular technique can and should be
employed (Schouten, Lugtig, & Vink, 2018). The issue of missing data
becomes increasingly significant when the number of dimensions in
psychological measurements escalates. The "curse of dimensionality,"”
or the presence of high data, as proposed by Richard Bellman in 1957,
poses one of the most challenging issues in the field of measurement. It
represents the exponential increase in problem complexity as the
number of variables (or dimensions) expands (Kuo & Sloan, 2005). The
notion of the "curse of dimensionality” pertains to a range of
phenomena that emerge during data analysis and organization in high-
dimensional spaces, across disciplines such as numerical analysis,
machine learning, and data mining. Specifically, in the context of test
design (especially within the realm of human traits studies), the increase
in dimensions is associated with magnified computational complexity
and diminished estimation accuracy (Liu & Pierce, 1994; Cai, 2010).

Over the past years, multiple methods have been devised to enable
more efficient and effective estimation of item-response theory models
with high dimensions. Notably, several methodologies that have been



Molaei Yasavolietal. | 9

employed for decades encompass: (1) marginal maximum likelihood
based on the maximum expectation algorithm, (2) the Monte Carlo
maximum expectation algorithm (MCEM), and (3) full Bayesian
estimation through simulations. An additional estimation technique,
known as Markovian chain Monte Carlo (MCMC), has been proposed
by researchers in the field. According to existing literature, researchers
have noted disadvantages concerning the inaccuracies associated with
parameter estimation when implementing each of these algorithms,
highlighting their limitations in achieving precise results.

The EM algorithm relies on fixed Gaussian-Hermite quadrature
points for estimation purposes. However, when the number of
dimensions escalates to four or five (or higher), the estimation process
encounters an issue (Liu & Pierce, 1994; Naylor & Smith, 1982). When
implementing the Monte Carlo maximum expectation algorithm
(MCEM), the simulation size must be considerably enlarged,
particularly during the latter iterations, to achieve parameter
convergence. This is due to the parameter estimates' increased closeness
to the maximum likelihood function (Cai, 2010). A notable challenge
encountered in the Markovian chain Monte Carlo (MCMC) algorithm
pertains to the meticulous specification of a suitable proposed
distribution, which may involve trial-and-error experimentation
(Bashkov & DeMars, 2017).

In an effort to circumvent the limitations observed in prevalent
estimation methodologies within multidimensional item-response
theory models, researchers have developed the Metropolis-Hastings-
Robins-Monroe (MHRM) algorithm. This approach combines the
Metropolis-Hastings sampling (Patz) algorithm with Robbins-Monro
sampling (Robbins, Monro, 1951) within the framework of maximum
likelihood estimation (Cai, 2010). The Metropolis-Hastings-Robbins-
Monroe (MHRM) algorithm serves as a composite technique grounded
in the principles of marginal probability, wherein stochastic
approximations are employed to integrate samples of the distribution of
the latent variables (Cai, 2010).

Contrasting with the Markovian chain Monte Carlo (MCMC)
approach, which approximates the overall latent distribution, the
Metropolis-Hastings-Robbins-Monroe (MHRM) algorithm
concentrates on point estimates and standard errors. This feature
enables MHRM to achieve convergence at a markedly accelerated pace
compared to MCMC. Notably, within the MHRM algorithm, the role
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of the Markov chain transitions is not to facilitate an accurate
approximation of the level to be achieved, but rather to merely
determine the directional changes throughout the iterative process (Cali,
2010).

In light of the existing research and the current challenges, the
purpose of this study is to examine the multi-dimensional item-response
theory models using the MHRM algorithm in conjunction with the EM
and MCEM algorithms. This investigation aims to shed light on a
foundational issue within this domain. The investigation scrutinized the
performance of the MHRM algorithm relative to the established
conventional methods, namely EM and MCEM algorithms, with
respect to both the type and quantity of missing data.

Literature Review

Research on the efficacy of the MHRM algorithm has been relatively
minimal in quantity thus far. Yang & Cai (2014) conducted a study
latent variable modeling with algommmmhbhhhh occss nn eaaacenrg eee
efficiency of parameter estimation in the context of multi-level hidden
variable models. In this study, the MHRM algorithm was employed
with the aim of maximizing marginal probability estimation of
background effects. The results indicate that the MHRM algorithm can
produce estimates and standard errors efficiently.

In a reeeacch dddd iilled “Crrrrr  rrrr rr iiii nnnnnnnn sssss 11T a
Multi-11111111111 1l aeced Reeeeeee eeee ,” ccceee cee by ooo &
Sheng (2016), the effectiveness of various algorithms in the context of
the multi-dimensional graded response model within the domain of
item-response theory was put to the test. Within the scope of this study,
EM and MHRM estimation methodologies were analyzed under diverse
data quality conditions to appraise the abilities of each estimation
method and draw meaningful conclusions regarding their relative
efficacy.

Bashkov & DeMars (2017) conducted a research study titled
“ff ccancy Tett ff MMMM MMMnmmmmm iiii gggggg tttt i-
Dimensional Multi-Level eeee »”,” *”””’h aiddd oo eaaeeeee hle
efficiency of the MHRM algorithm in dichotomous data within the
framework of a three-parameter model. The research scrutinized the
capabilities of the MHRM algorithm in retrieving item parameters,
variance, and hidden covariance, and assessed its efficiency in
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estimating abilities at the level of both individual subjects and cluster
groups (e.g., schools). The findings revealed that the MHRM algorithm
demonstrated exceptional proficiency in estimating item parameters,
individual subject data, and group-level parameters within a multi-
dimensional multi-level modeling framework.

Methodology

The present research adopted an experimental approach, seeking to
compare the phenomenon under examination. In this study, a factorial
research design of the three-way type was applied, wherein the
independent variables are as follows: type of algorithm, type of missing
data, and quantity of missing data.

In this research, in order to compare the risk level of MHRM
algorithm, Monte Carlo simulated data has been used. According to the
role of missing data, the simulation study in this research generally had
four stages:

1. The first step was to simulate a complete multivariate data set,
representing the target population.

2. Subsequently, the same data set was subjected to deliberate
removal based on the specified type and amount of missing data.

3. In the third stage, missing data were estimated using diverse
statistical methods.

4. In the final phase, statistical inferences were drawn based on the
obtained parameters.

By comparing the statistical inferences derived from various missing
data scenarios, it is possible to assess the performance of missing data
and evaluate the power of different statistical techniques.

In the first stage of this study, the multi-dimensional graded response
model was employed to account for the specificities of the data
(polytomous in nature). The model incorporates two parameters: slope
and threshold. In the data generation process, the distribution of subject
abilities was based on a normal distribution with a mean of zero and a
standard deviation of one.

When generating the data, the slope parameter values were derived
from a log-normal distribution, with a mean of 0.3 and standard
deviation of 0.2. Additionally, the difficulty parameter was considered
based on a normal distribution with a mean of zero and a standard
deviation of one. Given the high correlation and multiple collinearity
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issues, the average risk of these coefficients was taken into account.
Considering the multi-dimensional nature of the response pattern, there
were 5 slopes and 4 thresholds, respectively.

The statistical population and sample size in this research were
carefully determined based on a multitude of conditions influenced by
the algorithm type, missing data type, and amount of missing data. In
this section, three types of missing data (MAR, MNAR, and MCAR)
with varying percentages of missing data (10%, 50%, and 90%) were
intentionally induced in the data. These sets of data were subsequently
subjected to parameter estimation utilizing three distinct methods: EM,
MCEM, and MHRM algorithms.

This research examined missing data across three levels based on the
number of subjects. A 5-dimensional model, widely used in various
psychological tests (such as the 5-factor personality model), was
utilized, and sample sizes of 1000 data points were adhered to
consistently for all conditions.

To address the research questions effectively, a three-way factorial
variance analysis was employed, focusing on the risk associated with
the parameters (slope and threshold of questions). The data generation
and analysis process made use of various statistical software packages,
including R mirt, interactions, car, and psych.

Discussion

The results revealed that in at least some comparisons between the
levels, all three variables—namely, the algorithm type, the type of
missing data, and the amount of missing data—were shown to
significantly impact the square root of the average error in parameter
estimation. Based on the comparisons between the MHRM algorithm
and EM and MCEM algorithms, the results indicated that the MHRM
algorithm proved to be significantly more accurate and efficient
compared to the other two methods. In other words, the MHRM
algorithm demonstrated lower risk in parameter estimation across all
assessed scenarios. Interestingly, within the context of slope parameter
estimation, the EM algorithm was found to be considerably more
fallible and error-prone than both the MCEM and MHRM algorithms.
Examining the impact of different types of missing data patterns on
parameter estimation, it was observed that the MCAR mechanism was
shown to carry considerably less risk in terms of threshold parameter
estimation, in comparison with both the MAR and MNAR methods. It
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Is noteworthy to highlight the significant influence of the interaction
between the type of algorithm and the type of missing data mechanism
on the overall performance and accuracy of the parameter estimation
process.

Investigating the interplay between the type of algorithm and the
type of missing data mechanism, it was noted that when the MHRM
algorithm was employed, there was a subtle distinction in performance
amongst the three types of missing data patterns. Crucially, the overall
effect size of the estimated risk levels decreased significantly, and the
error values across all three modalities began to converge. The same
concept can be observed with the MCEM algorithm, wherein a notable
distinction amongst the three types of missing data mechanisms is seen,
with the MNAR pattern exhibiting the highest error magnitude. This
phenomenon is particularly apparent in the estimation of the threshold
parameter, yielding larger effect sizes. However, in relation to the slope
parameter, the effect size is considerably smaller.

Another important aspect scrutinized in this study was the impact of
the amount of missing data on the risk level in estimating both the slope
and threshold parameters, alongside the interactive effects of this factor
with the algorithm type and the method of handling missing data.
Regarding the evaluation of different missing data methods, the results
indicated that there was no substantial variance in performance when
assessing the threshold and slope parameters across various levels of
data absence.

Moving forward, in the subsequent evaluations, the results of the
interaction between the amount of missing data and two other
independent variables revealed significant findings. Specifically, the
interaction between the amount of missing data and the type of
algorithm was observed, with the values for all three levels being very
similar and no significant difference observed when using either the
MHRM or MCEM algorithms. Interestingly, when considering the EM
algorithm, there is indeed a noticeable difference across the different
levels of missing data, with higher amounts exhibiting heightened risk.

Conclusion

Based on the study findings, it appears that the MHRM algorithm,
which utilizes a combination of Metropolis-Hastings (MH) sampling
and Robbins-Monroe (RM) sampling, effectively enhances the
maximum likelihood estimation. The key difference between the
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MHRM and MCMC algorithms lies in the fact that the former focuses
specifically on point estimates and standard errors, while the latter aims
to approximate the entire posterior distribution. This targeted approach
of the MHRM algorithm results in much faster convergence compared
to both MCMC and EM. Indeed, it is important to note that since the
MHRM algorithm takes advantage of Markov chain jumps to determine
the direction of change during iterations, the convergence process
occurs much faster and with greater accuracy compared to alternative
methods. Based on the study findings, it is evident that the MHRM
algorithm tends to exhibit lower risk when taking into account
intervention factors like the missing data mechanism and type.
Consequently, for analyzing complex data that commonly appear in
behavioral science, it is highly recommended to use the MHRM
algorithm to ensure less error in parameter estimation.
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