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According to the proof-theoretic definition of the concept of logical consequence,
the sentence X is a logical consequence of the setrof assumptions I' if there is an
argument from I' for X. Tarski argues that by adding any number of rules to
inferential systems, there are always cases in which a sentence is intuitively the
logical consequence of a set of sentences, whereas in that system it is not possible
to provide an argument for that sentence. Hence, the proof-theoretic definition
cannot express the intuitive concept of logical consequence. The present article
examines Tarski's critique of proof-theoretic definition. Based on our study, Tarski's
critique poses a serious problem to the proof-theoretic definition, but this does not
mean that the model-theoretic definition is superior to proof-theoretic definition,
because there are also acceptable critiques of model-theoretic definition. It seems
that neither of these approaches succeed in providing an accurate definition of the
intuitive concept of logical consequence for deductive systems. However, in
different deductive systems, an interpretation of each of these two approaches can
be presented in a way that it is consistent with other metaphysical and
epistemological perspectives related to that system, and it is acceptable according to
the practical goals.
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Extended Abstract
Introduction

In the twentieth century, proof-theoretic and model-theoretic approaches have been proposed for
defining the concept of logical consequence. According to model-theoretic approach, the definition
of the concept of logical consequence is expressed based on semantic features, but according to
proof-theoretic approach, the concept should be expressed based on the concept of argument and
its related properties. According to the proof-theoretic definition, the sentence X is a logical
consequence of the set of assumptions I' if there is an argument from I" for X. Tarski argues that
the model-theoretic approach is more fundamental than the proof-theoretic approach, and therefore
it is necessary to define the concept of logical consequence in terms of semantic concepts. He
shows that in a deductive system, the sentence X may intuitively be a logical consequence of the
set of assumptions I', while it is notgossible to provide a syntactic inference for X from the set I'
(Tarski 2002, 178). The present article examines Tarski's critique of proof-theoretic definition.

Tarski's critique

In his article on the concept of logical consequence (Tarski 2002), Tarski criticizes proof-theoretic
approach, and proposes his model-theoretic account of logical consequence. Tarski argues that by
adding any number of rules to inferential systems, there are always cases in which a sentence is
intuitively the logical consequence of a set of sentences, whereas in that system it is not possible
to provide an argument for that sentence. Hence, the proof-theoretic definition cannot express the
intuitive concept of logical consequence. In his argument, Tarski first refers to deductive systems
which are so-called w-incomplete, as an example. Intuitively, if all the statements in the form "n
possesses the property P" are proven, we can conclude that "every natural number n has the
property P". A deductive system is m-incomplete if for at least one property P, the conclusion
cannot be proven on that deductive system. It may seem that by adding the infinite induction rule,
or the so-called w-rule, the above-mentioned problem can be solved. However, by referring to
Godel’s first incompleteness theorem, Tarski states that adding any number of inference rules to
the deductive systems does not eliminate the mentioned defect of these systems. Therefore,
deductive systems are not able to prove all the sentences that are intuitively logical consequences
of a set of sentences. Tarski concludes that the proof-theoretic definition of logical consequence is
different from the intuitive concept that we consider in our usual use of the concept.

Evaluating Tarski’s critique

Given the widespread acceptance of Godel’s incompleteness theorems, andlthe application of these
theorems that Tarski considers in his critique, it seems that Tarski's critique is acceptable, and his
critique poses a serious problem to the proof-theoretic definition. After Tarski's critique, model-
theoretic definition became the dominant approach in defining the concept of logical consequence.
However, this does not mean that the model-theoretic definition is superior to proof-theoretic
definition, because there are also acceptable critiques to model-theoretic definition (Etchemendy
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1990; 2008). It seems that neither of these approaches succeed in providing an accurate definition
of the intuitive concept of logical consequence for deductive systems.

It should be noted, however, that we should not confuse the definition of intuitive concept of
logical consequence with the tools provided by mathematical logic, and the definition of the
concept in order to be used in a particular deductive system. In the former case, the criterion of the
acceptability of proposed definition is our intuitive understanding of the concept of logical
consequence. It is in this case that Tarski's critique is presented. But, in the latter case, the purpose
of presenting the definition of the concept of logical consequence is its practical aspects in a
particular deductive system. In this case, proof-theoretic account can no longer be considered
unacceptable for that system, because it is not the case that all sentences that are intuitively
considered as a logical consequence should also be considered as a logical consequence according
to that particular definition of logical consequence. Tarski's critique, therefore, does not conclude
that any proof-theoretic account of logical consequence is unjustified, and therefore unacceptable.
In some logical systems, such as classical first-order logic, both model-theoretic and proof-
theoretic approaches can be used to define the concept of logical consequence, and because of the
soundness and completeness meta-theorems, taking either of these two distinct approaches in this
system (and many others) will not change the results of evaluating the validity of arguments. But
presenting one of these two competing approaches for a particular deductive system depends on
various factors. First, in different deductive systems, the definition of logical consequence can be
presented in a way that it is consistent with other metaphysical and epistemological perspectives
related to that system. For realists’ model-theoretic definition is preferable, and proof-theoretic one
is acceptable according to anti-realists’ pointiof view. The second reason is that sometimes it may
not be possible to provide a specific definition for a particular deductive system. For example, it
has been claimed that some systems, such as full second order logic or Henkin-quantifier logic, do
not allow for complete axiomatization (Krynicki, Lachlan 1979). In this case, the definition of
logical consequence for that system should be a model-theoretic one.

Conclusion

In this article, it was determined that Tarski's critique is justified and plausible. But there are also
serious criticisms of model-theoretic account of logical consequence, and, therefore, it cannot be
argued that one of the definitions is superior to the other. However, in different deductive systems,
an interpretation of each of these two approaches can be presented in a way that it is consistent
with other metaphysical and epistemological perspectives related to that system, and it is
acceptable, according to the practical goals.
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