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ARTICLE INFO ABSTRACT

Avrticle history: The purpose of this paper is tojprovide a new approach to incorporating uncer-
tainty into assessing the profitability, of investment projects. In the real world, the
capital budgeting problem is accompanied by uncertainty and risk associated deal-

Keywords: . ing with imprecise data. Jthe major contribution of this research is the develop-
Investment projects ment of a novel approac¢h to evaluating the profitability of an investment project
Profitability in uncertainty condition WAt first,lwe presented a new discount method that can be
Fuzzy Logic used by investors when theyawants to be able to make an investment decision. That

is, we developed@new:method to evaluate the profitability of investment projects
by ordered fuzzy net present value (OFNPV). In addition, ordered fuzzy numbers
(OFN) aregusedyto describe the dynamics of changes of the defined investment
parametersAn the'assumed time horizon. By using ordered fuzzy numbers, we de-
velop anfeffective tool for assessing the profitability of investment projects. This
assessmenttaol not only enables decision-makers to decide under uncertainty con-
ditions,whether or not a given investment project should be carried out or rejected,
but alsofaCilitates selecting the most effective project, e.g. a project with the most
expected probability of success.

1 Introduction

An investment project isto'incorporate capital, human and monetary resources besides infrastructures,
for the purpose of acquiting future, financial or non-financial, benefits. An investment implies an ex-
pénditure of resourees, but it doesn’t necessarily mean that those resources are our own resources.
Nowadays, the importance of investment and its particular role in economics of current world increas-
ingly refleets*the necessity of different models and techniques in this field, so that various methods
and techniques have been used by many scholars. Application of mathematics [1], decision making
techniques and scientific management can help the management of an organization or a company to
reach its predetermined objectives [2]. Due to their complex nature, investment projects are burdened
with a certain degree of uncertainty and risk [3, 4] .Deciding whether a given investment project is to
be carried out necessitates careful planning and predicting potential outcomes that could have an im-
pact whether positive or negative on the given investment. This is accompanied by uncertainty and
risk which in general stem from the lack of access to exact data [5].Trying to describe the construction
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project, it often happens that the values for some variables are approximate and subjective. According
to possibility theory along with fuzzy set theory and fuzzy systems provide a new window to deal with
impreciseness in decision making problems. Recently, several studies highlighting the potential appli-
cations of possibility theory in decision making using possibility moments of adaptive fuzzy numbers
have been conducted, leading to development of a model for fuzzy net present value (FNPV) of future
cash flows. As we know well, construction projects are often described in very vague terms. This is
expressed in such statements as “substantially”, “good”, “almost”, etc. [6] Therefore; the future con-
ditions for the execution of an investment project are difficult to predict and to definesifpa clear-cut
manner. This specific context in which a given investment project is implemented issnamed fuzzy
project environment. It must be emphasized that investment projects are characterized by“high level
of uncertainty at the beginning of their execution. This is due to a key feature of gaChyprojeet,-and
long-term projects in particular providing something that is innovative and in consequence;burdened
with a degree of uncertainty. The level of knowledge associated with a project thusystartssat virtually
zero, increasing as the project progresses, to reach the stipulated level of one@hundred percent towards
the end of the project. Only at that point all the effects and benefitsfaswel as,cost bé€ome fully known

[7].

In practice, the mentioned issues highlights the inability to,predict thelbehavior of the market during
the time-frame of the project’s execution, including: weather¢onditions, the level of prices and costs,
availability of resources, exchange rates, interest rates, behaviorof competition, changes in the de-
mand/supply level for a given product or service, etc/ Traditienally, these investment parameters are
assumed to be deterministic. As we know the capital budgeting problem is accompanied by uncertainty
and risk which in general, derives from the lack ofiaccessto imprecise data [8, 9]. Therefore several
authors began to use fuzzy sets theory to help solve capital budgeting problem in uncertainty environ-
ment [10, 11]. The aim of this study is to"extend the work done by [12] to present the application of
OFN in evaluation of investment prgjects’undar uncertainty conditions. In this research, the analyzed
problem can be framed as follows/Given 1si@company which has to decide whether or not to execute
a potential investment project im a speeified time horizon. It is assumed that the initial conditions of
the execution of the investment project,‘including the initial costs, are given. Also known is the dura-
tion of the execution of the.investment. What is not known, however, is the complete and unambiguous
information about the market¢eapitalization rate or the future inflows and outflows related to the exe-
cution of the project in the ¢onsidered time horizon. These quantities are determined by experts based
on theirtknowledgesand experience. The analyzed problem comes down to finding out whether the
investigated investment project is profitable for the investor under the specified conditions, taking into
account the associated uncertainty and risk.

The remainder/of this paper is divided into seven main sections. The second section provides the rel-
evant literature. The third section outline the methodology employed in the research with particular
attention given to principal component analysis i.e. OFN. The forth section provides a description of
the resulting measures, a discussion on the validity and reliability of the measures, as well as a presen-
tation of key findings. We will consider Investment project decision based on the ordered fuzzy num-
bers in section 5.The section 6 includes discussion and recommendations. And finally in section 7, we
will provide concussion of the paper.
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2 Literature Review

Evaluation of project effectiveness is a crucial step in the decision-making process which investment
projects are selected for execution in projects. Evaluating an investment project before its commence-
ment is time-devouring and requires the utilization of appropriate knowledge, sophisticated modeling
and forecasting methods, as well well-defined scientific methods. The results of an investment project
assessment determine the subsequent stages of the investment, the analysis and allocation of resources,
scheduling, budgeting and the control framework. In the literature, we can find a variety of methods
used in capital budgeting [4, 13] [14]. The main methods are: net present value method (NPV), prof-
itability index (PI), and internal rate of return (IRR). Based on conducted literature review, we can
state that the classical forms of these methods do not take into account the uncertainty and fisk which
may be associated with information used to estimate them. This information inclddesifuturer-Cash
inflows, cash outflows and available investment capital, the required rate of return af the investment
or cost of capital, the duration of the project. Despite the multitude of methods and'teolsfer assessing
the profitability of investment projects, investment decision-making remains'a ehallenging task [8, 9].
Classical methods do not take into account the uncertainty that ariSe from theylack of access to reliable,
precise information — these issues need to be addressed in novel, effective computing methods. Liter-
ature review suggests that attempts have been made at considering the, fuzzy environment of invest-
ments, taking into account both certain and uncertain data. Inythe literature, we observe an increasing
interest in the theory of fuzzy sets, which lays the foundations ¥er describing events of uncertain na-
ture, cf. the papers on capital budgeting by [5, 8, 9, 15«17}, These studies generally use fuzzy numbers
instead of crisp numbers in the known formulas\Further works take into consideration the uncertainty
using fuzzy modeling for assessing investment ‘projectsielg., [18-22]. In their presented developed
fuzzy equivalent annual worth and fuzzy benefit/costanalyses, Gharanfoli and VValmohammadi, 2019
[23] have applied a Fuzzy Decision Makingyand /Trial Evaluation Laboratory (FDEMATEL) and
Fuzzy Analytic Network Process (FANP)techniques as a framework to dynamically identify and pri-
oritize risks in construction investment prejects. Recent publications have demonstrated that the in-
creased precision of operationsand the possibility of solving equations in the set of ordered fuzzy
numbers (OFN) are valuable fortheir application [12, 24, 25]. Regarding the facts that the precision
of calculations drops as the number of performed operations increases and even linear equations can-
not be solved in the s€flof fazzy number, Prokopowicz, Slezak and Kosinski [26] developed a model
based on the concept,of ordered fuzzy number (OFN). Zhou and Xu [27] proposed a hesitant fuzzy
linguistic portfolioimodelbased on the max-score rule and the hesitant fuzzy linguistic element with
variable risk appetite'(HFLE-RA). They defined the HFLE-RA which can be used to describe the
inViestor’s risk appetite and the qualitative evaluation information and provided a linguistic portfolio
modelito calculate the optimal investment ratios under the HFLE-RA environment.

According'to Mellichamp [28] , the profit criterion proposed essentially moves away from the mini-
mum short-term risk condition (where ROIBT and NPV% are maxima) toward the maximum long-
term profit (where NPV project is maximum), but not past the point where further increase in invest-
ment capital (project expense) is unjustified. Wu et al. [29], used Triangular intuitionistic fuzzy num-
bers to describe the uncertainties. They used PROMETHEE |1 to utilize and sort the LSR-PV project
alternatives. Table 1 shows the most recent and relevant studies performed to evaluate the pro-
jects/manufacturing process in terms of profit/risk. A comparison has been conducted between them
and our paper. As it is observed in our study we try to present a fuzzy-based NPV model to capture
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uncertainty in all parameters used in calculating NPV and help investors to decide which projects are
more efficient.

Table 1: Comparison Between the Most Relevant Works in Literature with this Study

Author(s) Year | The defined problem Model with un- | Measure
certainty
Kosinski et al. 2013 Project evaluation Yes IRR (with uncertain cashflew)
Rudnik and | 2017 Manufacturing process Yes Operational costs and benefits
Kacprzak
Wu et al. 2018 Project evaluation Yes NPV (with certain discount rate)
Zhou and Xu 2019 Portfolio selection Yes Risk appetite of investors
Mellichamp 2019 Project evaluation No Risk, NPV%NPV.
This study 2020 Project evaluation Yes ModifiediNPY (with'uncertainty in all
parameters)

In other words, the main contribution of this study is to evaluate the prafitability of investment projects
in uncertainty condition. Therefore, we tried to provide ordered fuzzy numbers to evaluate the profit-
ability of investment projects in imprecise and ambiguous,situation. The approach based on ordered
fuzzy numbers is proposed. And new discount methodis developed that can be used by an investor
when the decision-maker wants to be able to make an fnvestment decision. The ordered fuzzy numbers
were used for taking the dynamics of changes of‘the defined investment parameters in the assumed
time horizon into account.

3 The Concept of Ordered Fuzzy Numbers

The introduction of the concepts.of fuzzy sets and fuzzy numbers was propelled by the need to math-
ematically describe impregisggandiambiguous phenomena. The above concepts were described in the
attempts of Zadeh (1965).as a generalization of the classical set theory [30]. Classical fuzzy sets are
convenient as far as & stmpleninterpretation in the set-theoretical language is concerned. However, we
could ask: how can we imagine fuzzy information, say X, in such a way that by adding it to the fuzzy
information Asthe fuzzy tnformation C will be obtained? In the classical approach for numerical han-
dling of fuzzy quantities the extension principle is of fundamental importance. The commonly ac-
cepted theory'ef fuzzy numbers is that set up by [31]. However, if one wants to stay within their class
of (L,"R)-numpers while following the extension principle, approximations of fuzzy functions (and
operationsyqare needed. They may lead to large computational errors that cannot be further controlled
when applying them repeatedly.

A fuzzy set in is characterized by a membership function which associates each point in x € X with a
real number in the interval [0,1], i.e. the grade of membership of in. Thus, we can write A = {(X, ua
(X)); x € X}, where ua: X — [0, 1] is the membership function of fuzzy set. This function assigns to
each element xe X its membership degree to fuzzy set A [30]. A fuzzy set A defined on the set of real
numbers, whose membership function satisfies the following conditions:

Vol. xx, Issue xx, (20xx) Advances in mathematical finance and application [
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1) supxer pa (X) =1, i.e., set Ais normalized,
2) A+ (I-A)x2 ] =2 min{ ua (X1 ), ua (X2 )}, 1.€., Set A is convex,
3) ua isapiecewise continuous function

A fuzzy number and hence its membership function has two basic interpretations. It can be understood
as a degree, to which x possesses a certain feature, or as a probability, with which a certain and at this
point not entirely known value will assume a value x. The number A is positive, if za (x) =0 for all x
< 0. As there are infinite number of ways to characterize fuzziness, there are infinite number of ways
to graphically depict the membership functions that describe this fuzziness. Generally speaking, trian-
gular MF is one of the most encountered MF in practice. Of highly applied MFs, the triangular MFs
are formed using straight lines. Triangular shapes represent fuzzy numbers, while trapezoidishapes
represent fuzzy intervals [32].

A triangular fuzzy number is denoted with three real numbers [a, b, ¢], where al< b <G, [tS'membership
function assumes the following form:

0 for x<a

X—a
_ meT' a<x<bhb
,UA(X)— cC—X (1)
=D for b<x<c

0 for x>c

If an expert generates a triangular fuzzy number asya result of assessing the distribution of possible
values of certain unknown quantity, it means,that the expert deems the values below a, and above c,
not possible; whereas the value b is possible with'a'degree of 1, and the remaining values are possible
to a varying degree that decreases with theirdistance from b. The concept of an ordered fuzzy number
introduced by Prokopowicz, Slezak andyosinski [26] in order to eliminate postulated deficiencies of
fuzzy numbers — viz. the l0ss ofyprecision increasing with the number of performed operations and the
fact that even linear gguations cannot be solved in the set of fuzzy numbers. The theorem formulated
by Kosinski (2004) cencerning the universal approximation of any nonlinear and continuous defuzzi-
ficationgperator [33;,34] offers new tools for the application of ordered fuzzy number to fuzzy infer-
engé and medeling, including assessing the profitability of investment projects. An ordered fuzzy

number is an ofdered pair of continuous functions (f, g), such that f, g: [0, 1] —> R.

The set of ordered fuzzy numbers is denoted by Fig (1) introduces the following notation: UP = f ([0,
1]) and DOWN=g ([0, 1]). Graphically the curves of (f, g) and (g, f) do not differ. However these pair
of functions determines different ordered fuzzy numbers, they vary in so called orientation which is
denoted by an arrow.

LetA=(fa,ga),B=(fs,08),C=(fc,gc) beordered fuzzy numbers. Let the following operations:
sum C=A+ B, product C = A- B and quotient C=A + B be
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defined in the set as follows:
fc=faXfpand gc = ga X gp 2)

Where: * denotes, respectively operation: + , - and +, while A + B is defined only when fz (y), gs (Y)
# 0 for every y €[0,1] . In the set of ordered fuzzy numbers, subtraction, exponentiation and taking a
root can also be defined in the usual fashion, for example:

(f.9"=(f".9") (3)

XA y A

DOWN g |

UP  ___ DOWN

X Y 4
UP f 1

| o | | | I
I

I >
y [ I l I | I

Fig. 1: Membership function for an ordered fuzzy number [21]

Y 4

When considering the set R.and the,associated operations of addition and multiplication, we obtain a
commutative ring with unity. By‘augmenting this with scalar multiplication, we obtain a linear space,
i.e., algebra over real ptimbers, Moreover, this set constitutes a commutative Banach algebra with unity
in the supremum normjin each of the factors C[0,1]xC[0,1] that are the Banach space R. By introducing
an appropriate gelation of‘partial order, we also obtain a lattice [12].We observe that the set of pairs of
continuous functiens, where the first function is increasing and the second — decreasing and simultane-
ously the firstfunctioh always assumes values lower than the second function is a subset of the set of
orderedfuzzy numbers which represents the class of all continuous convex fuzzy numbers (Fig. 1).
Notice that'ewery ordered fuzzy number A which is a pair of affine functions is uniquely determined
by a 4-D vector composed of the real numbers and the operations of addition, subtraction and multipli-
cation by a scalar are consistent with linear operations in the space of 4-D vectors.

[f (0), £ (1), 9(1), 9(0)] (4)

The model of constructing deffuzification functional presented in [34] allows us to obtain a number of
defuzzification functional whether linear or non-linear. In this work we applied the non-linear center
of gravity defuzzification functional.

Vol. xx, Issue xx, (20xx) Advances in mathematical finance and application [
7]



Profitability evaluation of dynamic investment

4 Investment Project Decision Based on Ordered Fuzzy Numbers

In economic practice, NPV is the most commonly used discount method. In essence, this method con-
sists in assessing the present value of an investment project based on the forecasted streams of net cash
flows which are the measure of investor’s future benefits.

NPV is defined as a sum of net cash flows (NCFs) discounted separately for each year with a constant
level of interest (discount) rate. This value expresses the updated (on the day of the assessment) value
of benefits, which the undertaking in question can yield in the future. The general form of NPV can be
expressed as:

=yn _CF _ 5
NPV =31 o= No (®)

where:

n —number of years,

k — market capitalization rate,

CFi — cash flow in the i-th year of investment,

No — initial investment (outlay).

NPV allows making an investment decision having andlyzedeashlows reduced by a specific outlay,
and discounted by a weighted average cost of capital. Therefare, NPV allows assessing the economic
value of an undertaking. The employment of a given method requires forecasting future cash flows
which involve forecasting several uncertain variables;%such as interest rate, prices of resources and
services, exchange rate, etc. This affectssthe reliability and quality of forecasting future effects and
outlay.

The classical of NPV does not takenineertain data into account. When considering the non-deterministic
environment of an investment project, madifying NPV to take into account uncertain data is necessary.
This allows taking information‘ancertainty into consideration and decreases the risk of making a mis-
take in assessing the profitability of an investment project. For the problem of defining a generalized
NPV to incorporate ardered, fuzzy numbers, we assume that the initial outlay NO and the net present
value NPV are rgalynumbers, whereas cash flows CFi and the capitalization rate K are ordered fuzzy
numbers. The discounted cash flows in the i-th year of investment are calculated as follows:
CF

PEL =+ 6 ©)
where: (1,1) stands for a pair of constant functions that assume a value of one, and +, / signify addition
and division in a set of ordered fuzzy numbers defined through (2); exponentiation is performed ac-
cording to (3), and is the center of gravity defuzzification functional defined through (5). Then, equation
(6) assumes the following form:

NPV = ¥™  DCF; — N, 7)

5 Case Study
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Here, we consider a case study of potential investment project execution in Iran. Investment decisions
are made under conditions of uncertainty, since it is impossible to prepare an accurate estimation of
economic and financial conditions for the output of the considered project in the future. The use of
NPV with ordered fuzzy numbers (ordered fuzzy net present value method i.e. OFNPV) allows to limit
the effects of uncertainty and risk. In order to define the fuzzy conditions of the execution of the in-
vestment project, the decision-making process involved an expert, who has appropriate knowledge and
experience of planning and executing similar projects.

One problem related to the use of ordered fuzzy numbers was the requirement for the expests to give
an opinion on individual elements of an investment project in the form of ordered fuzzy numbers, i.e.,
pairs of functions. In the considered case, we propose that the expert describe projeet"parameters by
means of triangular fuzzy numbers which will be subsequently converted into ordered, fuzzysnumbers.
In practice, membership functions depend on the context and are defined subjectivelyaby-am.expert. The
most commonly used membership functions are piecewise linear functionstriangular; trapezoidal or
rectangular), and can be defined with little information.

In the considered case, it was assumed that the initial outlay NO will bg' IRR"300,000. The project is
planned for the period of 5 years. The remaining project parameters remain uncertain, therefore, they
were determined by the expert in the form of triangular fuzzy,numbers. The triangular fuzzy capitali-
zation rate assumes the form of K = [0.11; 0.13; 0.15]. This means that according to the expert the
capitalization rate of below 11% and above 15% is not pessible, whereas the value of 13% is the most
probable one, and other values are probable to a different.degree, the higher, the closer they are to 13%.
In a similar way, the expert determined the fuzzy valuesief,cash flows in subsequent years (Table 2).

Table 2: Fuzzy input data for the consideredyinvestment project

Investment year Fuzzy cash flows
1 [75000,80000,85000]
2 [90000,93000,96000]
3 [105000,111000,118000]
4 [110000,120000,126000]
5 [115000,1230000,130000]

A triangular fuzzy number A= [a, b, c] corresponds to an ordered fuzzy number:
Aoen = (= a)Xut a, (b~ c)x + C) (8)

Itis"am, ordered\pair of linear functions. Using the above formula, we defined ordered fuzzy numbers
corresponding to the values determined by the expert. For instance, the capitalization rate expressed
by ordered fuzzy numbers assumes the form:

Korn = (0.02% + 0.11; —0.02x + 0.15) (9)

The values of cash flows were expressed analogously (Table 3)

Table 3: Investment input data modeling with the use of OFN

| Investment year | Cash flow expressed as ordered fuzzy numbers
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(5000x+75000, -5000x+85000)
(3000x+90000, -3000x+96000)
(6000x+105000, -7000x+118000)

AlWIN |-

(10000x+110000, -6000x+126000)

5 (8000x+115000, -7000x+130000)

The discounted cash flows for the remaining periods of the project were determined analogously. These
values are presented in Table (3) along with the present net values for subsequent years of investment.
Table (3) presents cash flows obtained using ordered fuzzy numbers. Subsequently, these values un-
derwent defuzzification using the functional (8). In this case, NPV is equal to IRR 55646, which con-
firms the expected profitability of the project (Table 4).

Table 4: Investment discounted cash flows and NPV using OFN

Investment Year Discounted cash flows NPV

0 300000 —300000

1 70768 —229232

2 72825 —156407

3 77112 —79295

4 72750 — 6545

5 62191 55646
NPV 55646

The presented case demonstrates that the conclusions drawn, fromigalculations on ordered fuzzy num-
bers are in agreement with current knowledge and econémie analysis. Moreover, owing to the elimina-
tion of issues related to using classical fuzzy numbers (suCh asjincreasing fuzziness over the subsequent
operations, impossibility of solving equations, or high)computational complexity), the model of ordered
fuzzy numbers may prove to be an ideal tool for econamic analysis and modeling. Table 4 presents
cash flows obtained using ordered fuzzy mumbers. Subsequently, these values underwent defuzzifica-
tion using the functional (8). In this gase,/NPVjis equal to IRR 55646, which confirms the expected
profitability of the project (Table 3):

6 Analysis of DynamjesyChanges with Ordered Fuzzy Numbers

In this section, we presented a‘case of NPV inference based on the actual values of discounted net cash
flows during the gxecution of a given investment project. In this case, the mathematical apparatus in
the form@f ordered fuzzy numbers will be employed to describe the changes in the values of discounted
net cash flows andithe dynamics of these changes. The changes result, respectively, from increased or
deCreased inflows and outflows of executing an investment with respect to the baseline expected in-
flows andyoutflows for a given period. Investors are interested in how the expected net present value of
an investment changes over a time period with respect to the corresponding values for the scheduled
period. Information of this kind can be gleaned through the use of ordered fuzzy numbers, which enable
the simultaneous presentation of planned and actual values of present cash flows. Ordered fuzzy num-
ber can be represented by four elements = (14, 15, 1%,p, ) (Fig. 2).

[10  Vol. xx, Issue xx, (20xx) Advances in mathematical finance and applications
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Fig. 2: Membership function for an ordered fuzzy number with A with characteristic pointSy[35]

Ordered fuzzy numbers by virtue of being ordered can be used to elaborate the evolution oftaetual
discounted cash flows in relation to the expected ones. Moreover, the width of the support reveals the
magnitude of the change of discounted cash flows. We set out to facilitate the interpretation of the
change of the value of discounted cash flows by introducing an auxiliary, quantity that characterizes
this change: the change dynamics indicator. The change dynamigs’indicatorief discounted cash flows
will be represented by the following ordered fuzzy numbers. Insight,into the change dynamics of dis-
counted cash flows is often crucial for evaluating the profitability of a given investment. By expressing
the width of the support flows in relation to the expected onesywith a positive value corresponding to
an increase and a negative value — to a decrease in the value of discounted cash flows. Fig. 3 serves as
an illustration how the particularities of the change in thepvalues of discounted cash flows in time can
now be interpreted through inspection. Growth trends'cafrespond to positive ordering whereas down-
ward trends — to negative ordering. If the value‘ofydiscounted cash flows remains unchanged, both
graphs assume the same form corresponding t0 a constant.

Fig. 3: Change in value of discounted cash flows and their dynamics illustrated using ordered fuzzy numbers

Vol. xx, Issue xx, (20xx) Advances in mathematical finance and application [
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A graphical illustration of ordered fuzzy numbers that mirrors the percent change of discounted cash
flows in time measured by the support width enables rapid evaluation and ordering of individual periods
in the execution of an investment project, e.g. from the cash flow change that is the most unprofitable
to the investor (the largest decrease in discounted cash flow), to the most profitable (corresponding to
the highest increase). It becomes possible to illustrate change dynamics in one chart which facilitates
evaluating how individual discounted cash flows change in time. However, a long planning horizon
determined by the project execution period, together with the fact that discounted cash flows can de-
crease, increase or remain unchanged over subsequent periods, hinder the evaluation of the resultant
impact of the changes on the values of discounted cash flows and on their dynamics. Qrdered fuzzy
numbers facilitate information mining both for individual discounted cash flows and forithe sum of
discounted cash flows of a given investment.We expound on the benefits of ordered fuzzy numbers by
applying them to the execution of case investment project. presents the expected and actual‘discounted
cash flows expressed in IRR. We verify NPV after the three years of project gxeeution, to check the
reliability of the results obtained in previous planning phase. Present discounted,cash flows, expressed
as ordered fuzzy numbers and their change dynamics indices (also asserdergd fuzzyapumbers) are given
in Table (5). According to Table (4), the discounted cash flow.ifiithe first year of investment project
execution decreased from the expected level of IRR 70768 to IRR'65{00 i.e., by almost 8%. During
the second and third year, however, an increase in the discounted cash flews was observed in relation
to the expected flows, respectively, by 10% (an increase of [RRy676 ) and 12% (IRR 9588 ) (Fig. 4).

Table 5: Expected and actual discounted cash flows for the,considerediinvestment project.

Investment year Expected discounted cash flow Actual discounted cash flow
1 70768 65300
2 72825 80501
3 77112 86700
4 72750 no data
5 6219% no data

Table 6: Present discounted cash*flows and their change dynamics indices for subsequent investment year.

Investment year Present discounted cash flow Change dynamics index
1 [i20768}68034; 68034; 65300] [1;0.961; 0.961; 0.923]
2 [72825; 76663; 76663; 80501] [1; 1.053; 1.053; 1.105]
3 [77112; 81906; 81906; 86700] [1;1.06; 1.06; 1.12]
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Fig. 4: Present discounted cash flows and their change dynamicsifor the considered investment

The change dynamics of discounted cash flows overthecourse of three years is expressed by means of
an ordered fuzzy number as the arithmetic mean’ofychangesdynamics over three subsequent years of
project execution, yielding [1; 1.025; 1.025; 1£049].

The next step in estimating the present cashyflow in the fourth year of investment is the multiplication
of the mean change dynamics by the scalar paseline for the fourth year of the investment (72750 a.m.u.),
which yields an ordered fuzzy number [727#50; 74568.75; 74582.75; 76314.75]. Using forward infer-
ence from data obtained over theyfirst three years of project execution, we can estimate the present cash
flow for the fourth year of investment as 76314.75 a.m.u. The corresponding present cash flow for the
fifth year is 65238.36 a.m.u.

The analysis of data on"the pregress of the given investment indicates that the value of discounted cash
flows changes. Deviations from expected values will be taken into account when estimating the net
present value of{thejinvestment. For this investment project current NPV, determined from the data
recorded duking projectexecution and earlier prognoses, amounts to 74054.11 a.m.u. Therefore, in this
case the increase in‘the predicted NPV is 33.08% (cf. Table 6). An increase in cash flows observed in
the secand and third year significantly influenced the predicted NPV. The recorded values of cash flows
reassure theépimvestor that the correct decision had been made. The values predicted for the project’s
fourth year, based on the actual data, allow inferring the real value of project’s NPV.

Table 7: Investment discounted cash flows and NPV using OFN

Investment Present Cash
year Expected cash flows Expected NPV Flows Current NPV
0 300,000.00 —300,000.00 300,000.00 —300,000.00
1 70,768.00 —229,232.00 65,300.00 —234,700.00
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Investment Present Cash
year Expected cash flows Expected NPV Flows Current NPV
2 72,825.00 -156,407.00 80,501.00 —-154,199.00
3 77,112.00 —79,295.00 86,700.00 —67,499.00
4 72,750.00 —6,545.00 76,314.75 8,815.75
5 62,191.00 55,646.00 65,238.36 74,094.11
NPV 55,646.00 - 74,054.11

It is necessary to verify NPVs after the project’s fourth year to check the reliability of the results. Sig-
nals in the form of actual cash flow values are a valuable source of information for the investor. In the
presented case, except for the first year of investment, the investor witnesses a significant ingrease in
cash flows. In economic practice, however, we can find investments, whose expected cash,flows’sig-
nificantly deviate from the actual values in minus. In such cases it becomes necessaty to diligently
analyze the underlying causes of decreasing cash flows, and to make correct decisions — cluding, as
a last resort, halting the execution of the project.

7 Results and Discussion

The presented approach to the profitability analysis of investment projeets/can be viewed as an early
warning system, whose aim is to analyze signals from the environment and to interpret them correctly.
The case application, we presented can serve as a tool fordetecting;potential opportunities and risks in
the life cycle of an investment project. This toolcould constitute'a valuable source of knowledge for
investors involved in decision processes.

In this paper, we presented demonstrates how/conclusions drawn from calculations on ordered fuzzy
numbers are in line with current economic_knewledge and analysis. Moreover, by eliminating issues
plaguing classical fuzzy numbers, such as: the increase in fuzziness associated with subsequent calcu-
lations, the impossibility of solvingsequatiens,and high computational complexity, models using or-
dered fuzzy numbers emerge as ideal toels for economic analysis and modeling. Ordered fuzzy numbers
answer objections commonly raised against classical fuzzy numbers, such as: the increase in fuzziness
during subsequent calculations, the impossibility of backward inference, and high computational com-
plexity. Ordered fuzzy«<aumbers retain precision over any number of calculations. Through the use of
defuzzification operators ordered fuzzy numbers can be mapped to real numbers, which allows solving
problems that simultanequsly involve ordered fuzzy numbers and real numbers. As with the arithmetic
of real humbers;yanalagous operations on ordered fuzzy numbers are commutative, associative, and
multiplicationnis disteibutive over addition. This enables solving equations that cannot be solved for
classical fuzzy numbers.

8 Conclusion

The paper addresses the problem of assessing investment project profitability through the use of ordered
fuzzy numbers. The main reasons for the complexity of the problem are: operating under conditions of
uncertainty and the multi-criteria and multi-level nature of the decisions to be made. The problem of
assessing the profitability of investment projects is widely discussed in today’s literature. Yet more
often than not opinions vary, not only on the understanding (and, in consequence, defining basic
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concepts), but also on elaborating the procedures for assessing the effectiveness of economic invest-
ments.

To handle the uncertainty of net cash flows due to a lack of knowledge, this paper uses the concept of
ordered fuzzy numbers. Ordered fuzzy numbers presents an imprecise data by means of a subjective
possibility measure associated with judgmental uncertainty. The authors applied new approach to ob-
tain profitability of investment project in fuzzy environments. The presented approach constitutes a
new perspective on this common economic problem and constitutes an effective tool for assessing the
profitability of investment projects. The results of the assessment can be utilized by decision-makers to
decide whether or not a given investment project ought to be carried out or rejected, but they can also
facilitate selecting the most effective project, the one that is deemed the most successful, or'most fa-
vorable considering a different criterion from among several proposed options.

9 Implications for Further Research

The ability to make rational decisions under conditions of unceftainty is vital, when the cost of the
investment is known, yet the expected inflows remains only hypothetical. How 10 assess project effec-
tiveness based on different profit rates in order to get as cl@se as possible to the state of nature, which
is meant to be achieved in the future, remains an open question

Ordered fuzzy numbers may be used to illustrate the information‘about cash flows and capitalization
rate. They offer a clear, simultaneous representation of(several pieees of information, with well-defined
arithmetic operations on ordered fuzzy numbers|enabling them to be aggregated. By using ordered
fuzzy numbers, experts are not only able to assess toawhat degree they recognize the considered phe-
nomenon as accurate and true to life, but also to express their assessment of its dynamics, which is key
to the problem of assessing the profitability of investment projects. Every investor is interested in how
the values of present cash flows and €apitalization rates can change compared to their corresponding
baseline. Ordered fuzzy numbers willallow to'simultaneously present the values of present cash flows
and capitalization rate over the pekiod under study, as well as at the baseline.
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