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Received 2020-12-06 Since calculating the amount of fractal in the ARFIMA time series and increasing
Accepted 2021-05-08 its accuracy and bring it closer to reality is very important, this article intends to

investigate the possibility of modifying this computational formula by changing
the focus criterion and using simulation. In the present paper, by analysing and

Keywords: simulating the fractal parameter for time series ARFIMA model and redefining
Fractal Dimension and reviewing the Fractal mathematical, a fractal calculus and dimension in
Hausdorff Measure comparison with Euclidean norms introduced. In this regard, first, a new criterion
ARFIMA Time Series about fractal or Hausdorff component for measuring the forms of fractal time
Simulation, series introduced, then the effects and functional inquiries using simulation data
R searched, and some mathematical proofs through simulation of data achieved.

The findings showed that, the deviation of the new estimator from the simulated
initial value is less, and closer to reality as this new criterion introduced by chang-
ing the focus criterion and replacing the mean with the median due to less sensi-
tivity to out-dated data. The new criterion is better for determining the fractal
parameter and identifying its degree of effectiveness. Finally, the findings empir-
ically indicated that the proposed criterion is more efficient and better than the
others for calculating fractal dimensions.

1 Introduction

Many time series approaches in time domain, such as Box Jenkins patterns autoregressive integrated
moving average (ARIMA patterns) [4] are essentially partial autocorrelation functions used to examine
gradual evolution of time series with regard to parametric patterns [3]. In datasets about finances, past
observations are associated with observations in distant future and their relation is permanent. Hence,
time series contain long-term memory features and understanding these features has significant impli-
cations for both short-term sales and long-term investment strategies [7]. Investment strategies would
depend on the amount of long-term memory [14]; since the decisions related to investment are reactive
to time domain under study. Long-term memory causes a nonlinear reliance on the first torque of the
efficiency distribution, producing a predictable parameter in time series dynamics. This parameter is
termed long-term memory parameter [16] in financial literature. Long-term memory models, called
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ARIMA time series long-term memory models, represented by ARFIMA (Fractional ARIMA) symbol
[18]. Over the past decades, long-term memory processes have been an essential part of analyses of
time series [21]. Long-term memory mechanisms are distinguished by very slow autocorrelations or a
spectral density with a peak at a near-zero frequency [22]. Such features dramatically alter prognostic
predictive actions [35]. As a result, many of the theoretical results and methods used in short-term
memory series analysis such as ARIMA processes are not suitable for long-term memory models [33].
The presence of long-term memory is both logically and empirically relevant in financial assets [44]. If
market has long-term memory, a significant autocorrelation will occur between observations studied
over a very long period. Due to the separation of time, knowing distant past tends to predict future, and
the probability of continued anomalous increases [46].

The presence of long-term memory on financial market infringes poor aspect of market efficiency the-
orem, as well as contradicting linear asset pricing models raising this question whether non-linear mod-
els can be used in asset valuation [48]. New developments in investment strategies and improved trans-
parency on the economy have put us back to efficient markets than ever before. Therefore, if time series
have a long-range dependency function, their changes will be predictable [47]. ARFIMA (p, d, q) [8],
autoregressive fractionally integrated moving average process has been widely used in various fields
such as astronomy, hydrology, mathematics, and computer science to represent a time series with long
memory property [9]. A wide range of estimators for fractional parameter d recently appeared in time
series literature. Fractal analyses of time series, transects, and natural or man-made structures have seen
broad uses in almost all scientific disciplines [30] Actually, we are thinking about fractal or Hausdorff
dimension quantifying roughness or smoothness of time series and spatial details in boundary as the
perceptual scale is indefinitely perfect. In reality, measurements can be produced on a limited range of
scales; thus, practical calculations of fractal dimension rely on the availability of observations with a
reasonably fine temporal or spatial resolution. In general, the d-estimators can categorize into two par-
ametric and semi-parametric group methods.

Methods involving probability function are the most common ones in first group. All parameters (self-
regressive, moving average and differentiation) can be estimated at same time in parametric approach.
In semi-parametric methods, the parameters estimated at two stages: only d estimated in first step and
the others estimated in second step. Because Gaussian parametric estimations for long memory span
based time series models have been rigorously validated providing an attractive alternative to semi-
parametric approaches. Nonetheless, Gaussian parametric methods require a large amount of computing
whereas semi-parametric techniques are easy to implement and less computationally demanding [24].
ARMA systems are short-memory mechanisms in sense that an impact at a given time is not permanent
and they do not affect possible progression of time series. Infinite memory processes such as Difference
Stationary (DS) have an opposite nature. This dichotomy is insufficient to account for long-term phe-
nomena as demonstrated by the work of Hurst (1951) [19] in the field of hydrology. A long, but finite,
memory process is an intermediate case, in that the impact of a shock has long-lasting consequences for
the future values of time series; however, it will find its natural level of equilibrium. [27] formalized
this type of behavior based on fractional Brownian movements and fractional Gaussian sounds. From
these studies, the fractional ARIMA process defined as ARFIMA. More recently, these processes ex-
tended to seasonal cases and referred to SARFIMA process [49]. The main idea in this paper is to
introduce a new criterion for calculating the time series types, investigate results by using simulation,
and compute all parameters of ARFIMA process based on the iterative methods. For this analysis, we
consider several definitions of fractional calculus and Hausdorff measure in Section 2. In section 3 we
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describes the Random or chaotic tests for time series and fractal dimension and Euclidean norm again
to prepare ARFIMA model are explained in Section 4. All results of a simulation study on ARFIMA
models in R present in Section 5 and Section 6 gives a summary and some concluding remarks.

2 Fractional Calculus Definitions

This section includes fractional derivatives and definitions [37]. First, we define a fractional calculus to
classify the fractional dimension classically [38]. Essentially, three useful and widely used fractional
operators presented here, and we recall them as Caputo, Caputo — Fabrizio, and the Atangana — Baleanu
derivative [1]. Let a function w : Rt — R with fractional ordera > 0, is not integer, defining the frac-
tional integral of the ordera> 0 is as follows:

1 t
W) = e [ - wwa) aw (1)
0

Here T describes the Gamma function and a shows the fractional order parameter. If « is integer value
then Function

® a1 ,-1 ;
fo t* teTdt ifa>0 ) (2)
M) =(a—1)!=<{ @ ifa=10 andF()—nE
@ ifa<0
The Caputo derivative for the given function weC™ with order a described is as follows:
e _ 1t W) 3
Cogw(y = 1" DMWY =t [ e AV )

andn — 1 < a <neN. Clearly, Cpg(y ) tendstow’(t) asa— 1

Suppose weH!(p, q), with q > p , and0 < a < 1, then the definition of Caputo—Fabrizio derivative is
follows as:

- 4
D (w(®) = 22 [ w pel-atLiay @

Where p(«) denote the normalized function and holds p(0) = p(1) = 1. If w & H(p, q) then, the fol-
lowing is suggested:

pE(w(v) = 22 f (W() = w(i)exp[—a

t—y 5)
ag—ldv

Letv = 1?To‘e[o, ®), o= Le[O 1] ,then equation given can be expressed is as follows,

DY(w(®) =22 ['w ()exp[- Xy p(0) = p(eo) = 1 (6)
Further,
1
i[5 = o= ”

Consider ae(0,1), for a function W(ll}) then we can write the integral of fractional order a is as follows,
2(1-a)

Ew®) = 5oom@ 8O + (M—)() fw)dy  t>0,ae(0,1) (8)
The remainder of the non-integer-type Caputo type order integral of the function with order ae(0,1) is
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a mean into w with integral of order 1. Thus, it requires,
__ 2 9)
2p(a) — ap(a)

Implies that p(a) = ;—a ae(0,1). Then new Caputo derivative is suggested with ae(0,1) and is given

by
t—y (10)
T4V

1 t
D (w(v) = m.f w (x)exp[—a
0

Consider weH*(p, q), where q greater than p, and 0 < a < 1, then we define the Atangana—Baleanu
derivative in the following:
(=) (11

t
5w = 2 [ w El-a Ty

The fractional integral for the Atangana—Baleanu derivative expressed as follows:

MCIEw(D) = W) + s [ (= )< dy (12)

One can restore the original function for the case when a = 0. Some results regarding the Atangana—
Baleanu derivative are pre- sented in the following:
The following is hold for a functionfeC[a, b]:

125D (w() || < 22w (o)l (13)
where

Iw® Il = maxp<i<qlw(®)] (14)

The Lipschitz condition is satisfied by the Atangana—Beleanu derivative,

|| ABSDEw, (©) — ABSDE W, (B)|| < @y lw (t) — wo (D)l (15)
A fractional differential is given by the following equation,
ABCDEW(t) = W(1) (16)

Possess a unique solution given by
MW(t) +LftF t— )% 1d
b@ p@r(@ J, WAk
Let N(¢) be the smallest number of closed balls of radius € > 0 needed to cover the set F. The fractal
dimension of the set F is the number. Suppose for € > 0 , an e-cover of X is a finite or countable
collection {B;:i = 1,2,...} of balls B; ¢ RYof diameter |B;]| less than or equal to € that covers X. With
(18)

w(t) = 17)

H3(X) = lin& inf{ZlBil‘s: {Bi:i=1,2,..}isan &€ — cover of X

€E—
i=1

denoting the 3-dimensional Hausdorff measure of X, there exists a unique nonnegative value D such

that Ho (X) =0 if 6 <D and H6 (X) = 0 if 6 > D. This value D is the Hausdorff dimension of the point
set X. The Hausdorff dimension coincides with the box-count dimension, under weak regularity condi-
tions,
In(N(¢)) (19)
Dpc = lim
-0 1
In(3)

Where N(g) denotes the smallest number of.cubes of width € in Rd which can cover X, and also with
other natural and/or time-honored notions of dimension. The Hausdorff dimension, d, of a self-similar
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set its connection to fractal geometry, though, as previously stated, there are many other applications
of Hausdorff dimension which is scaled down by ratios ¢, , €, ,..., gy Satisfies the following two equa-
tions:

ef+ed++ef=1land Net =1 (20)

However, these equations do not appear in Hausdorff's paper, as they directly relate to fractals (and
calculate the dimension of a fractal), which were ideas that Hausdorff would not have known about.
Still, it's easy to see from these two equations how you can get a dimension that isn't a whole number,
as

D(F) = limm (21)
e-0 ln(g)

3 Random or Chaotic Tests for Time Series

The most important measures that can be used in a time series framework to detect chaos are correlation
dimension test [15] and Lyapunov exponent test [6]. Alternatively, the Dickey-Fuller test [10] used to
verify the stationary characteristic. Another useful complementary test in this regard is the Hurst test
[34]. One of the principal characteristics of chaotic processes is their high sensitivity to the initial con-
ditions. This feature can therefore be used to detect chaotic processes [40]. Lyapunov exponent [26] is
the best tool for detecting vulnerability to early conditions in a dynamic system. Positive Lyapunov
exponent indicates exponential time path divergence, high sensitivity to initial conditions, and therefore,
chaos. Negative Lyapunov exponent indicates exponential convergence of time paths and zero Lya-
punov exponents indicates paths not diverging or converging.

In 1983, Grossberger and Prokasia presented later test of correlation. Examination of correlation di-
mension is a criterion for evaluating chaos theory in a time series process, and is a criterion for assessing
a process’s complexity. The higher the number measured in calculation of a time series correlation
factor is, more complicated time series will be and more difficult it will be to be predicted. It must be
ensured that it is stationary until modeling a collection of time. The Dickey Fuller test is among most
useful stationary tests. It is typically inaccurate in sequence, because there is no set return standard [13].

3.1 Hurst Dimension

The Hurst method is based on studies carried out by Hurst to define the water mechanism at the Nile
River dam. It was usually assumed that the water inflow into the lakes was natural, but Hurst after
examining evidence from previous times inferred that there were recurring patterns to inflow. Moreo-
ver, method of study and Hurst test extended gradually to other phenomena appearing randomly but
may have a regular pattern. In practice, Hurst exponent (H) can be estimated by performing a regression.
The Hurst view is a useful tool to detect a non-random time series regardless of the type of distribution
it contains. Hurst exponent, H, is defined as a function of the time span of a time series in terms of
asymptotic behavior of the rescaled range. {\displaystyle R(n)}For self-similar time series, H is directly
related to fractal dimension, D, where 1 <D < 2, such that D = 2 — H. Values of the Hurst exponent
vary between 0 and 1, with higher values indicating a smoother trend, less volatility, and less roughness.
Hurst exponent and fractal dimension can be separately defined for more general time series or multi-
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dimensional systems, since Hurst exponent represents structure over asymptotically longer periods,
while the fractal dimension represents structure over asymptotically shorter periods [44].

3.2 Estimating the Exponent

In literature, a number of long-range dependence estimators [11] were proposed. The oldest and
best- known is the so-called rescaled range (%) analysis Popularized by Mandelbrot and Wallis and

based on earlier Hurst hydrological findings. Alternatives include DFA, regression of the periodogram,
aggregated variances, and local Whittle's estimator, wavelet analysis, both in the time domain and in
the frequency domain [41].

3.3 Rescaled Range (g) Analysis

To estimate the Hurst exponent, dependency of the rescaled range on the time span n of measurement
must be calculated first. A time series of full length N is divided into a number of shorter time series of
length n = N, N/2, N /4, for each value of n, then the average rescaled range is calculated. Suppose

Xt is a time series that produces a random stationary process [42] with t = 1, ...,n.The statistics %

n

noted Qn is the extent Rn of partial sums of standard deviations of the series from its mean divided by
its standard deviation Sn:

0. = RBu _ B Tm09 ~ %) — min X~ F) (22)
R i

S 1
" [% (- JEn)z]z

For a time series of length n, X = X1, X2, ..., Xn to calculate rescaled range the (%) algorithm we

have to do the following steps:
Calculate the mean:

Xi

§<I

Il
Sl
INgE

=1

Create a mean-adjusted series:
i =X, —x, fort=12,...,n
Calculate the cumulative deviate series Zi

t
Zy = EYi fort=12,..,n
i=1

Compute the range R
R(n) = max(Zy,Zy, ..., Zy) —min(Zy, Z,, ..., Zy)
Compute the standard deviation S

S(n) =

Calculate the rescaled range (%) and average over all the partial time series of length n. The rescaled

range (R/S) method is one of the time-domain analyses of Hurst parameter defined as follows:
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lim E [@] =Cn" Beit log(Rn/Sn) = logc + Hlogn, (23)

n-oo LS(n)

Where E(0) denotes the expected value of the observations, the range of the first n values is R(n), the
standard deviation is S(n), and the constant is C. Whittle's Maximum Likelihood Estimator (MLE) and
wavelet analysis use Frequency Domain dependent period gram analysis [23]. In practice Hurst expo-
nent (H) can be estimated by performing a regression. If value of Hurst exponent is equal to 0.5, this
means an independent process of time series. If Hurst view is set between 0.5 and one, that implies a
very long memory sustained time series. Eventually, if exponent of Hurst is equal to a positive value
but less than 0.5, it means process is inconsistent. The H-value interpreted as follows:

If 0 < H < % [ anti-persistent process.

If H =% [ asimple random process or ARMA process. There is a long-term dependence ab-
sence.

If 2 < H < 1 long-term process, the dependence is even stronger as H tends towards 1.

The Revised g Statistics have to revise to differentiate between long-range and short-range dependence,

so that its statistical behavior is invariant over a general class of short memory processes but deviates
for long memory processes. The following figures achieve this

— Ry (24)
LN )
L (25)
n q n
1 2
6(9) = I;Z(xj — 5+ @] D = Fal [y — %]
j=1 j=1 i=j+1
max Y-y (%) = %) = min (3 — %) (26)

’Q" i<sksn

[—,11 g (g — Xp)% + %Z?zl w;(q) [Z?zjﬂ[xj — % [xi-j — fn]]]

1
2

This figure is different from the previous one by its denominator@,,, which takes into account not only
the variances of individual terms but also the auto-covariance weighted associated with deviations of g
as referred to: The calculation of H done as above and Lo analyses the behaviour of Q,, in the long-term
dependence alternative. Then he shows up

V= i@ g{oo pour H € [0.5,1] (27)
N 0 pour H €[0,0.5]

Under hypothesis ofHy: X; gN(O, 02), there is a short memory in the time series
(H €0,5;1]). For the acceptance threshold at 5%, H,, is accepted if v € [0,809; 1,862]. He con-
cluded that: “For the values of H between 0,5 and 1 the acceptance Threshold of long memory at 10%
isv > 1,620. For the values of H between 0,5 and 1 acceptance threshold of the anti-persistent hy-
pothesis at 10% is v > 0,861.” We can verify that there is a relation between the values d and the
ARFIMA processes and H of the exponent Hurst (d = H - 0,5).

3.4 Redefinition Range (%) Analysis by Median

One of the advantages of median against mean is insensitivity to the extreme values of outliers.
Whereas, like few outlier observations (too small or too large values, but not both), median provides
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better than average value for the data measures of central tendency. One of the most important proper-
ties of the median is that the sum of the absolute values of the differences of the random variables is the
minimum.

N (28)
lei — median| = minimum
i=1

Another important property of median data is that it is always between data mean and data mode.
mean < median < mode
or
mode < median < mean

Median calculates by order (calculation simplicity) and uses fast sorting algorithms to calculate very
large or small amounts unaffected. On the other hand, disadvantage of influence of very large or small
amounts and tendency towards them is that ability to calculate quantitative data is only the time-con-
suming calculation for long lists of numbers. Which one should be chosen based on introduction of
three values for data centre trend measurement (arithmetic mean, median, and mode)? Many consider-
ations are important when selecting right quantity for data centre calculation. Typically, our first option
is the average, but there are cases in which median is better.

Median is rarely best value for data centre to represent. Median in statistics and probability theory is an
indicator of the inclination towards the centre. The mean is a number dividing the statistical population
or the probability distribution into two equal parts. One of significant benefits of medium to average is
that median in the range of sizes not influenced by very large and very small numbers. Mean value is
used in estimation of variance and standard deviation, and since data gap from median exceeds two,
outliers have a greater impact on it. Median Absolute Deviation (MAD) specified to solve this problem.
Calculate absolute magnitude of difference between all data, mean, and organize it from small to high.
Sum of these variations is equal to the absolute value of the variance.

MAD = median(|X; — median(X)|) (29)

R, max Y1 (x; — median(X)) — T¥_,(|x; — median(X)|) (30)
On = Sn MAD = median(|X, — median(X)|)

3.5 Fractal Dimension Again Euclidean Norm

Fractal analyses of time series, transects and natural or man- made surfaces have found broad applica-
tions in almost all scientific disciplines. While much of literature connects fractal properties to statistical
self-similarity, there is no need for such a correlation. Rather, statement of fractal or Hausdorff dimen-
sion quantifies roughness or smoothness of time series and spatial data in boundary as observational
scale is infinitesimally small [43]. In practice, measurements can only made at a finite range of scales,
and practical estimates of fractal dimension rely on availability of observations with a sufficiently fine
temporal or spatial resolution. We follow common practice in defining the fractal dimension of a point
set X c R@ to be classical Hausdorff dimension. Fractal dimension then refers to properties of curve (d
= 1) or surface (d > 2). It happens in continuum limit as the data are found in an infinitesimally dense
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subset of temporal or spatial domain, which, without loss of generality, can be considered unit interval
or unit cube. This restricting situation referred to as infill in time series analysis and spatial statistics. If
boundary curve or boundary surface is smooth and distinguishable, its fractal dimension, D, is equal to
its topological dimension, d. In case of a rough and non-differentiable curve or surface, fractal dimen-
sion can exceed the topological dimension. For example, suppose that {Xt: te Rd} is a Gaussian cycle
with stationary intervals, variogram or structure of which functions;

1
Y2 (t) = EE(Xu - Xu+t)2 (31)

Y2(®) = leat]* + 0(Jt|*+F) ast > 0 (32)

where a e (0,2] B=0 andc, >0, and| - | denotes Euclidean norm. Then the graph of a sample
path has fractal dimension

D:d+1—% (33)

This relationship relates fractal dimension of sample paths to action of variogram or structure function
at origin of coordinates, and can generalize to a wide range of potentially anisotropic and non-stationary
processes, as well as some non-Gaussian processes [36]. It allows us to consider the fractal dimension
as a second-order property of Gaussian stochastic cycle, in addition to being a measure of roughness
for a realized curve or surface [28]. Consequently, index in asymptotic relationship referred to as fractal
index. Fractional Brownian motion is a non-stationary, statistically self-similar process defined in terms
of variogram. Other table entries apply to stationary processes with covariance function. o(t) =
cov(Xu, Xt + u), Which relates to the variogram as?

Y2() = 0(0) —o(t), teR (34)

4 ARFIMA Model

ARMA processes are short-memory processes in sense that shock at a given time is not sustainable and
does not affect the future evolution of time series. Infinite memory systems, such as stationary variance
processes, have an opposite behaviour: shock effect is permanent and influences possible values of time
series [29]. To calculate degree of coupling, formula for rescaled range (R / S) analysis given to estimate
level of coupling, which is now, called parameter Hurst. In addition, many valuable estimators of Hurst
parameters provided to characterize LRD time series more precisely. Since then, numerous research
studies have attracted the LRD, or long memory phenomenon.

Based on Hurst's study, more suitable models, such as ARFIMA and fractional integral generalized
autoregressive conditional heteroscedasticity (FIGARCH) were built to evaluate LRD processes accu-
rately. Analysis of autocorrelation function (ACF) is one of the useful techniques for recognizing pat-
terns and periodicities in the data, in a way that is often more precise than simple visual inspections can
be obtained. Additionally, ACF may define the LRD or long memory property. Let
{X(t); t e(—o0,+0)} and ACF p(k) is defined as:
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o0 = CO:;Xt,Xt_k) (35)
ar(Xy)

Where Cov(0) is covariance and Var(0) is the variance. A stationary time series defined over t =

0,1,2,3 ...is said to be long memory if Y-, |p(k)| diverges, where p(k) is ACF of the process. Other-

wise, time series said to be short memory or SRD. Another definition of long memory if for some

frequency, fe [0, 0.5], power spectrum P(f), becomes unbounded.

P = [ e paoa (30)

Where —oo < f < 00,1 =+/—1 and p(k) is the ACF. The spectral density S(f) is a normalized form
ofP(f), defined by:

P(f @ . 37
SO == [ e pd ©7
4.1 Autoregressive (AR) Model
Notation of AR(p) refers to the autoregressive model of order p. The AR(p) model written as:
(38)

b
Xt =cC + Z CI)IXt_l + Et
i=1

Where ¢, | ¢, are autoregressive parameters, ¢ is a constant, and the random variable &, is the white
noise. Some constraints are necessary on values of parameters so that model remains stationary. For
example, processes in AR(1) model with || = 1 are not stationary. An autoregressive (AR) model
is a description of a kind of random process in statistics and signal processing; as such, it represents
such time-varying processes in nature, economics, etc.

4.2 Moving Average (MA) Model

Notation MA(q) refers to the moving average model of order q:
a (39)
Xt = IJ. + Z eist_i + Et

1=1
Where the 6, ... 6,, are moving average parameters of model, m is the expectation of X, (often assumed

to equal 0), and €, €;_4, ... are again, white noise error terms. A time series smoothed by moving aver-
age (MA), which can create cyclic and a trend like plots even when original data are independent ran-
dom events with fixed mean. This role diminishes its usefulness as a control mechanism.

4.3 ARIMA again ARFIMA Model Time Series

The above AR and MA models generalized as follows:
p q (40)
1= B | -BYX—w =1+ ) 6B |e
i=1 i=1

The above (1 — B)9 called a difference operator V4. ARMA or ARIMA models can only catch the
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SRD property, as d is restricted to the range of integer order. Therefore, the ARFIMA (p, d, q) model
is proposed accordingly in order to capture the LRD property of the fractional systems. In fact, the
operator can be defined in a natural way by using binomial expansion for any actual number d with
Gamma function:

- d - r{d+1) (41)
_pyd — _RYK — _mk
(1-B) ;(k>( B) &~ 'k+1Drd+1-%k) =B)
Many authors suggested that the use of a fractional ARIMA model by using a fractional difference
operator rather than an integer could better consider this LRD phenomenon. In the general form of
ARIMA (p, q, d) the Xt process in the above equation is defined as the ARFIMA (p, d, g) process:
®(B)(1 — B)9X, = 0(B)«, (42)

where d €(—0.5,0.5), and (1 — B)dis defined as the fractional difference operator in ARFIMA(p, d, q)
Processes are widely used in the modelling of the LRD time series, where p is a self-regressive order,
g is the moving average order, and d is difference level. Greater value of d, closer simple integrated
series approximated, and a general integrated series can be approximated better than mixed fractional
difference and ARMA model. ARFIMA (p, d, q) process is natural generalization of the ARIMA or
ARMA standard processes. In a fractionally differentiated model, the difference coefficient d is the first
parameter to be calculated. Self-similar strength of ARFIMA can be calculated by parameter d. For
finite variance cycle with fractional Gaussian noise, d has a closed relationship with Hurst parameter:
d=H-1/2 (43)

In addition, for the infinite variance cycle with fractional a-stable noise, d is related to Hurst and char-
acteristic exponent.

d=H-1/«a (44)
In this way, parameter d can be chosen for modelling long-term effects, while p and g can be chosen
for modelling relatively short-term effects. ACF sample and partial autocorrelation (PACF) function
are useful qualitative tools for evaluating the presence of autocorrelation at individual lags. Ljung-Box
Q-test is a quantitative way of testing self-correlation at multiple lags together. Ljung-Box test statistic
is as follows:

- B (45)
o) = N(N+2);N_k,

Where N is the sample size, L is the number of autocorrelation lags, and p(k) is the sample autocorre-
lation at lag k. Under the null hypothesis, the asymptotic distribution of Q is chi-square with L degrees
of freedom [12].

5 Simulation ARFIMA(p, d, q) ModelsinR

We are now summarizing some of results for ARFIMA (p, d, q) model with an emphasis on estimating
the differentiating parameter d. Consider the simple ARFIMA(p, d, g) model of the form.

®(B)(1 — B)4X, = 0(B)e; for de(—0.5,0.5) (46)

Where {€,} is a white noise process with E(e,) = 0 and variance 2 and B is the back-shift operator
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such that BX; = X;_;. The polynomials ®(B) = 1 — ¢yB — -+ — ¢, B and
0(B)=1-6,B—--—0,B1 (47)

Have orders p and q with all their roots outside unit circle [32]. In this paper, it is assumed that {X,} is
a linear process without a deterministic term. We now define U, = (1 — B)?X, , so that {U,} is
anARMA(p, q) , Process. The defined process is stationary and invertible (see (3)) and has a spectral
density function. , fy(w) , is given by

sinw- —

fe(@) = fy () (2722)72 we[—m, ] (48)

Where f; (w) is spectral density function of process{U,}. Regression equation is a function g(n) of
sample size nwhereg(n) = n* 0 < a < 1. This regression estimator obtained by replacing the spec-
tral density function with window smoothed period gram function

m=nf 0<p<1 (49)

The third one is GPH estimator with mild modifications suggested by Robinson, denoted hereafter by
dsp. This estimator regresses {InI(w;)} on In(2sinw;/2))?> for i=11+1,..,g(n), wherelis
the lower truncation point which tends to infinity more slowly than g(n). Robinson derived some as-
ymptotic results for dpr, when d € (—0.5,0.5) and showed that this estimator is asymptotically less
effective than a Gaussian estimator of maximum probability of d. Our bandwidth choice g(n) is given
by
A(d, T)n% 0<d<0.25 0
A(d, ‘r)n2t+217T—2d 025<d<0.5
Where A(d, t) has to be chosen appropriately [39]. This bandwidth cannot be calculated in practice,
since it requires knowledge of true parameter d. However, this problem can be reverted by either re-
placing unknown parameter d in g (n) function with estimate. dp or dsp. We use this g(n) since it
g(n) Ing(n)

n n
of optimal g(n) has been subject of estimator dyy is based on the period gram and it involves the func-
tion

gn) =

satisfies conditions — 0 and g(n) — 0 as g(n) and n go to infinity. The appropriate choice

o (51)
Q@ = | oo
n-1
1 1()) (52)

j=1
Let {X,} be the process as defined and Then U, = (1 — B)9X,is an ARMA(p,q) Process and y, =

%Xt isa ARFIMA(O,d, 0) process. Model Building Steps:

1. Estimate d in the ARIMA(p,d,q) model; denote the estimate by d

2. Calculate U, = (1 — B)9X,

3. Using Box - Jenkins modelling procedure or the AIC criterion, identify and estimate ¢ and 6
parameters in the ARMA(p, q) process ¢(B)U, = 8(B)e,
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4. Calculate Y, = %Xt.

5. Estimate d in the ARFIMA(O0, d, 0) model(1 — B)a?t = €. The value of d obtained in this step
is now the new estimate of d.

6 Concluding Remarks

In this paper, we simulate model ARFIMA (-0.4, 0.3, 0.1) by three times and each time it is generated
with 2000 data, then model is fit again, and results can be checked as Table 1. We considered a simu-
lation study to test the procedures for estimating parameters of an ARFIMA operation. Parametric ap-
proaches used in simulation and estimation by smoothed model. Results indicate that whether AR or
MA with fractional components involve in parametric process. Our results provide strong evidence to
support the existence of long memory in simulation data. This is inconsistent with weak market effi-
ciency that can discuss in future papers. Simulation results for ARFIMA process represented in Table
2. Although we considered several values of parameter, the result of each iteration presented. As in the
ARFIMA model, iterations of quantity need to achieve convergence, with latter requiring smallest. Re-
sults of estimators are very good. As mentioned in Table 1, initially with ARFIMA simulation has been
done and again the assumed model has been fitted on it and according to the simulation values, the
values of Table 1 have been extracted which is largely indicative for accuracy is too close to the real
value. The autoregressive and moving average coefficients as well as the ARFIMA default time series
fractal value is close to the real values.

Table 1: ARFIMA(z = sim, order =c(1, 0, 1))=(-0.4,0.3,0.1)

Coefficients for fits:

Coef.1 SE.1
¢ = autoregressive parameter -0.389461 0.0466055
6 = moving average parameter 0.0844606 0.0683559
D.F 0.279071 0.0330984
Fitted mean 0.0103125 0.129696
log -5.48214
a? 1.00659

The output in table 2 corresponds to five different iterations of this simulation. Obviously, the relevant
results can be discussed in future articles due to the existence of a deficit indicating the existence of
long-term memory in the data and the inefficiency of the market accordingly. By new criterion in this
paper, the deviation from the real value according to the output of Table 2 decreases in each iteration
and the results will be convergent to the real value.

Table 2. Simulation Results

Simulation step 1 2 3 4 5

¢= autoregressive parameter -0.4095738 -0.4764306 -0.3959723 -0.4523015 -0.3894609
6 = moving average parameter 0.1024239 0.02327982 0.027245 0.06180222 0.08446063
D.F 0.2935695 0.3029039 0.2443465 0.271685 0.2790712
o’ 1.076657 1.007938 0.9940234 0.9664756 1.006587

Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications [1037]



New Criterion for Fractal Parameter in Financial Time Series

o W"l!"p"'r i)

s
0
|

'Iluiliju

T T T T T
o 500 1000 1500 2000

Time

Fig. 1: ARFIMA Process Simulation

In Figure 1, the ARFIMA process simulated by fractal dimension value equal to 0.5, which indicates
and show the data, occurred randomness state in them. In this figure, based on the accrue trend it is
more chaotic statues in the data will be proportional to the time indicating that prove to more efficiency
too.
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Fig. 2: ACF for ARFIMA Process Simulation

Figure 2 shows the autocorrelation of the data and state one, being in between two band, and its damping
and descending diagram also has a good evidence of the random state of the data. This figure shows the
accuracy of simulating the relevant adultery data.

Fig. 3: PACF for ARFIMA Process Simulation

Figure 3, which is actually a partial autocorrelation diagram and used to determine the fit of the
model on the simulated data, can also be used as a tool to determine the degree of randomness of the
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data and estimated parameters of model to determine and the degree of autocorrelation was named. The
different levels of this diagram and the band placement process also confirm the simulated fractal
model. In this paper, we simulate fractal data using R software and then, knowing that simulated fractal
data is known, approximate the Hurst dimensions using the mean method, and new method introduced
in this paper for comparison. We calculate based on median and observe that the algorithm presented
also it is closer to reality based on the median of the data.
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Fig. 4: Time Index for ARFIMA Process Simulation

Figure 4 also shows the changes in fractal dimensions and being close to 0.5. The degree of randomness
of previously simulated data is also evident in certain duplications of simulated data. In the following,
the accuracy of the fractal dimension has shown. The actual data simulated with a value of 0.5 and their
estimation in the previous method of fractal dimension is equal to 0.537524, which obtained using the
new criterion of 0.5015363. Simple R/S Hurst estimation with mean: 0.537524 and function for esti-
mation fractal data with new method using by median is 0.5015363

The interpretation of the H values is the following:

1- If 0 < H < % anti-persistent process.

2- If H =% a simple random process or ARMA process. There is a long-term dependence ab-
sence.

3- If % < H < 1 long-term process, the dependence is even stronger as H tends towards 1.

We show that the variance of R/S Hurst estimation with mean is greater than the median from. In fact,
by information about data can help us knowing about simulation that data is fractal and will have a
greater impact on the accuracy its results. In this paper, we have shown that by using a change in the
focus and substitution criteria instead of the average in the Hurst criterion, the accuracy of the fractal
dimension estimator can increase, and this is important when interpreting the median substitution in-
stead of the average and using it. As an indicator of focus, it will be doubly important due to the indif-
ference to out-dated data caused by financial crises. The new Hurst criterion can use as a new tool in
all of time series data and the output can be compared with previous results. Obviously, this article will
be the beginning of new research in this field.

Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications [1039]



New Criterion for Fractal Parameter in Financial Time Series

References

[1] Abdon, A., Anum, S., Differential and integral operators with constant fractional order and variable frac-
tional dimension, Chaos, Solutions and Fractals, 2019, 127, P. 226-243, Doi: 10.1016/j.chaos.2019.06.014.

[2] Alijani, M., Banimahd, B., Madanchi, M., Study and Research on the Six-Year Process of Bitcoin Price and
Return, Advances in Mathematical Finance and Applications, 2019, 4(1), P.45-54.
Doi: 10.22034/amfa.2019.577434.1126.

[3] Bhardwaj, G., Swanson, N. R., An Empirical Investigation of the Usefulness of ARFIMA Models for Predicting
Macroeconomic and Financial Time Series, Journal of Econometrics, 2004, 5, P.539-578. Doi: v131y2006il-
2p539-578.html

[4] Box, G. E. P., Jenkins, G. M., Time Series Analysis: Forecasting and Control, 1976, Revised Edition. Holden-
Day.

[5] Bartels, R., The Rank Version of von Neumann’s Ratio Test for Randomness, Journal of the American Statis-
tical Association, 1982, 77, P. 40-46. Doi: abs/10.1080/01621459.1982.10477764.

[6] Broock, W. A., Scheinkman, J. A., Dechert, W. D., and LeBaron, B., A Test for Independence Based on the
Correlation Dimension, Econometric reviews, 1996, 15, P. 197-235. Doi:abs/10.1080/07474939608800353.

[7] Chattfield, C., The Analysis of Time Series. An introduction, 1975, New York, Chapman and Hall.

[8] Contreras, R. J. E., Palma, W., Statistical analysis of autoregressive fractionally integrated moving average
models in R, Computer Stat, 2013, 28, P. 2309-2331. D0i:10.1007/s00180-013-0408-7.

[9] Dacorogna, M., Aste, T., Di Matteo, T., Long-term memories of developed and emerging markets: Using the
scaling analysis to characterize their stage of development, Journal of Banking and Finance, 2005, 29, P. 827—
851. Doi: 10.1016/j.jbankfin.2004.08.004.

[10] Dickey, D., Fuller, W., Distribution of the Estimators for Autoregressive Time Series with a Unit Root, Jour-
nal of the American Statistical Association, 1979, 44, P. 427-431. Doi: abs/10.1080/01621459.1979.10482531.

[11] Diebold, F.X., Inoue, A., Long Memory and Regime Switching, Journal of Econometrics, 2001, 105, P.131-
159. Doi: 0rg/10.1023/B:CSEM.0000026794.43145.fc.

[12] Eom, C., Oh, J. Jung, W, Relationship between efficiency and predictability in stock price change, Physica,
2008, 387, P. 5511-5517. DOI: 10.1016/j.physa.2008.05.059.

[13] Goodness, C., Aye, M. B., Rangan, G., Nicholas, K., Amandine, N. and Siobhan, R, Predicting BRICS stock
returns  using  ARFIMA  models, Applied Financial Economics, 2014, 24, P. 1159-1166.
Doi:abs/10.1080/09603107.2014.924297.

[14] Granger, C.W. J., Joyeux, R, an introduction to long—range time series models and fractional differencing
Journal of Time Series Analysis, 1980, 1, P. 15-30. Doi: 0rg/10.1111/j.1467-9892.1980.tb00297.

[1040] Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications



Alijani et al.

[15] Ghoreishi, S. K., Alijani, M., Dynamic association modeling in 2x 2 contingency tables. Statistical Method-
ology, 2011, 8(2), P. 242-255. Doi.org/10.1016/j.stamet.2010.10.002.

[16] Granger, C., Hyung, N., Occasional Structural Breaks and Long Memory with an Application to the S&P
500  Absolute  Stock Returns, Journal of Empirical Finance, 2004, 11, P.399-421.
D0i:10.1.1.464.9432&rep.repl&type.pdf.

[17] Guangxi, C., Yingying, S., Simulation analysis of multifractal detrended methods based on the ARFIMA
process, Chaos, Solutions and Fractals, 2017, 105, P. 235-243. D0i:10.1.1.464.9432&rep.repl&type.pdf.

[18] Hang, C. N., Palma, W., Estimation of Long-Memory Time Series Models: A Survey of Different Likelihood-
Based Methods, Advances in Econometrics, 2005, P. 89-121. Doi 10.1.1.1072.2042&rep.repl1&type.pdf

[19] Hurst, H.E., The Long-Term Storage Capacity of Reservoir. Transactions of the American Society of Civil
Engineers, 1951, 11, P. 89-121.

[20] Khodayari, M., Yaghobnezhad, A., Khalili Eraghi, K, A Neural-Network Approach to the Modeling of the
Impact of Market Volatility on Investment, Advances in Mathematical Finance and Applications, 2020, 5(4), P.
569-581. Doi: 10.22034/amfa.2020.674953.

[21] Jiti, G., Qiying, W. and Jiying, Y., Long-range dependent time series specification, Bernoulli, 2013, 19, P.
1714-1749. Doi: 10.3150/12-BEJ427.

[22] Lo, A.W, Long Term Memory in Stock Market Prices, Econometrica, 1991, 59, P.1719-1739.
Doi: 10.3150/12-BEJ427.

[23] Lieberman, O., Phillips, P. C. B., Expansions for the distribution of the maximum likelihood estimator of the
fractional difference parameter, Econometric Theory, , 2004, 20, P. 464-484. Doi: 10.1017/S0266466604203024.

[24] Linton, O. B., Estimating additive nonparametric models by partial Lg norm: the curse of fractionality,
Econometric Theory, 2001, 17, P. 1037-1050. Doi: S0266466601176012/type/journal_article.

[25] Mandelbrot, B., Wallis, J., Noah, Joseph and operational hydrology, Water Resources Research, 1968, 4, P.
909-918. D0i:10.1029/WR004i005p00909.

[26] Mototsugu, S., Oliver, L., Nonparametric Neural Network Estimation of Lyapunov Exponents and a Direct
Test for Chaos, Journal of Econometrics, 2003, 120, P. 1-33. Doi: 10.1016/S0304-4076(03)00205-7.

[27] Mandelbrot, B., Van, Ness, J.W., Fractional Brownian Motion, Fractional Noises and Application, SIAM
Review, 1968, 10. P. 20-35. Doi: abs/10.1137/1010093.

[28] Matilla, G, M., Marin, M. R., Dore, M. I. Ojeda, R. B., Nonparametric Correlation Integral-Based Tests for
Linear and Nonlinear Stochastic Processes, Decisions in Economics and Finance, 2014, 37, P. 181-193. Doi:

10.1007/s10203-013-0143-0

[29] Man, K. S., Long memory time series and short term forecasts, International Journal of Forecasting, 2003,
35, P. 477-491. D0i:10.1016/S0169-2070(02)00060-2.

[30] Mandelbrot, B. B., When can price be arbitraged efficiently? A limit to the validity of the random walk and

Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications [1041]


https://scholar.google.com/scholar?oi=bibs&cluster=6658613824877907139&btnI=1&hl=en
https://doi.org/10.1016/j.stamet.2010.10.002
https://projecteuclid.org/euclid.bj/1383661200#author-euclidbj1383661200GaoJiti
https://projecteuclid.org/euclid.bj/1383661200#author-euclidbj1383661200WangQiying
https://projecteuclid.org/euclid.bj/1383661200#author-euclidbj1383661200YinJiying
https://projecteuclid.org/euclid.bj
https://doi.org/10.1016/S0169-2070(02)00060-2

New Criterion for Fractal Parameter in Financial Time Series

martingale models, Review of Economics and Statistics, 1971, 23, P. 225-236. Doi.org/10.2307/1937966.

[31] Neama, I., Abdulkadhim, F., Simulation Study for some estimators of Exponential Distribution, International
Journal of Mathematics of Trend and Technology, 2014, 23, P. 93-98. Doi: 10.14445/22315373/IJMTT-V10P515.

[32] Nasr, N., Farhadi Sartangi, M., Madahi, Z., A Fuzzy Random Walk Technique to Forecasting Volatility of
Iran Stock Exchange Index, Advances in Mathematical Finance and Applications, 2019, 4(1), P. 15-30. Doi:
10.22034/amfa.2019.583911.1172.

[33] Régis, B., Magda, M., ARFIMA Process : Tests and Applications at a White Noise Process, A Random Walk
Process and the Stock Exchange Index CAC 40, Journal of Economic Computation and Economic Cybernetics
Studies and Research, Academy of Economic Studies, Bucharest, 2012, 46 (1), P. 22-39. Doi: /123456789/9331.

[34] Roel, F. Ceballos, F., On The Estimation of the Hurst Exponent Using Adjusted Rescaled Range Analysis,
Detrended Fluctuation Analysis and Variance Time Plot: A Case of Exponential Distribution, Imperial Journal of
Interdisciplinary Research, 2017, 3, P. 424-434. Doi: /abs/1805.08931

[35] Ray, B., Long Range Forecasting of IBM Product Revenues Using a Seasonal Fractionally Differenced
ARMA Model, International Journal of Forecasting, 1993, 9, P. 22-50. Doi: 10.1016/0169-2070(93)90009-C.

[36] Robinson, P. M., The distance between rival nonstationarity fractional processes, Journal of Econometrics,
128, P. 283-300. Doi: 10.1016/j.jeconom.2004.08.015.

[37] Saad, K.M., New fractional derivative with non-singular kernel for deriving Legendre spectral collocation
method, Alexandria Engineering Journal, 2019, P. 22-23. Doi: 10.1016/j.aej.2019.11.017.

[38] Sania, Q., Abdullahi, Y., Modeling chickenpox disease with fractional derivatives: From caputo to atan-
gana-baleanu, Chaos, Solitons and Fractals, 2019, 122, P. 111-118. Doi: 10.1016/j.chaos.2019.03.020.

[39] Sowell, F., Maximum likelihood estimation of stationary univariate fractionally integrated time series mod-
els, Journal of Econometrics, 1992, 53, P. 165-188. D0i:10.1016/0304-4076(92)90084-5.

[40] Sheinkman, J.A. Leparon, B., Nonlinear Dynamics and stock returns, Journal of Business, 1989, 62, P. 311-
338. Doi: 10.1016/j.jeconom.2004.09.014.

[41] Shimotsu, K., and Phillips, P. C. B., Local Whittle estimation of fractional integration and some of its vari-
ants, Journal of Econometrics, 2006, 130, P. 209-233. Doi: 10.1016/j.jeconom.2004.09.014.

[42] Sowell, F., Maximum Likelihood Test of Stationary Univariate Fractionally Integrated Time Series Models,
Journal of Econometrics, 1992, 53(1), P. 165-188. Doi: 10.1016/0304-4076(92)90084-5.

[43] Tilmann, G., Hana, S. and Donald, B., Percival Estimators of Fractal Dimension, Assessing the Roughness
of Time Series and Spatial Data, 2012, 27, P. 247-277. Doi: 10.1214/11-STS370.

[44] Taherinia, M., The Impact of Investment Inefficiency and Cash Holding on CEO Turnover, Advances in
Mathematical Finance and Applications, 2020, 5(4), P. 469-478. Doi: 10.22034/amfa.2020.674945.

[45] Valderio, R., Bovas, A. and Silvia, L., Estimation OF Parameters in ARFIMA Processes: A Simulation Study,
Communications in Statistics - Simulation and Computation, 2001. 30(4), P. 787-803.

[1042] Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications


https://doi.org/10.2307/1937966
https://basepub.dauphine.fr/handle/123456789/9331
https://arxiv.org/search/stat?searchtype=author&query=Ceballos%2C+R+F
https://arxiv.org/search/stat?searchtype=author&query=Largo%2C+F+F
https://doi.org/10.1016/0169-2070(93)90009-C
https://doi.org/10.1016/0169-2070(93)90009-C
https://doi.org/10.1016/j.aej.2019.11.017
https://doi.org/10.1016/0304-4076(92)90084-5
https://doi.org/10.1016/j.jeconom.2004.09.014
https://doi.org/10.1016/j.jeconom.2004.09.014
https://doi.org/10.1016/0304-4076(92)90084-5
https://projecteuclid.org/euclid.ss/1340110872#author-euclidss1340110872GneitingTilmann
https://projecteuclid.org/euclid.ss/1340110872#author-euclidss1340110872evkovHana
https://projecteuclid.org/euclid.ss/1340110872#author-euclidss1340110872PercivalDonaldB

Alijani et al.

[46] Viano, M., Deniau, C., Oppenheim, G., Continuous-time fractional ARMA processes, Statistics and Proba-
bility Letters, 1994, 21, P. 323— 336. Doi.org/10.1155/2014/264217.

[47] Wang, W., Khan, M.A., Analysis and numerical simulation of fractional model of bank data with fractal
fractional Atangana—Baleanu derivative, Journal of Computational and Applied Mathematics, 2020, 369, P. 11-
40. Doi: 10.1016/j.cam.2019.112646.

[48] Wantin, W., Muhammad, A., Fatmawatic, P., Kumamde,T., A comparison study of bank data in fractional
calculus, Chaos, Solitons and Fractals, 2019, 126, P. 369-384. Doi: 10.1016/j.cha0s.2019.07.025.

[49] Zhu, L., Nonparametric Monte Carlo Tests and Their Applications. Lecture Notes in Statistics, Springer,
New York 2005. Doi: 10.1007/0-387-29053-2

Vol. 7, Issue 4, (2022) Advances in Mathematical Finance and Applications [1043]


https://doi.org/10.1155/2014/264217
https://www.x-mol.com/paperRedirect/1308086244348235776
https://www.sciencedirect.com/science/article/abs/pii/S0960077919302772?via%3Dihub#!
https://www.sciencedirect.com/science/article/abs/pii/S0960077919302772?via%3Dihub#!
https://www.sciencedirect.com/science/article/abs/pii/S0960077919302772?via%3Dihub#!
https://www.sciencedirect.com/science/article/abs/pii/S0960077919302772?via%3Dihub#!
https://www.sciencedirect.com/science/article/abs/pii/S0960077919302772?via%3Dihub#!
https://www.sciencedirect.com/science/journal/09600779
https://www.sciencedirect.com/science/journal/09600779/126/supp/C

