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Abstract

This paper aims to introduce a previously unknown feature of a family of girih designs. This
research is secking to answer the question that “With what mathematical pattern does subdividing
girth goes on?” Results show that in repeatedly subdividing girih, by maintaining the size of the
polygons, frames grows in a sequence with properties of a generalization of Fibonacci. Some real-
world samples, that are put together, show the same properties. This feature could in the future be
used to design and analyze girihs. These applications are discussed in the latter sections of the
papet.
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Introduction

In this paper, a mathematical feature of girih is explained. Girih is a type of geometric design in
Islamic art that can be distinguished from calligraphy and vegetal ornaments [6]. It is composed of
several polygons filling the surface area of a frame. There is rich literature on girih and
Mathematical analysis of Girih is a significant part of this literature.

The literature focusing on girth can be divided into two types of major sources. The first is
educational mostly written by master builders of architecture and their apprentices [1-4]. They are
meant to teach the traditional methods of designing and drafting girih. The second type is
investigative, mostly carried out by academicians. These sources investigate historic, aesthetic, or
mathematical, as well as other aspects of Girih. A portion of research has focused on mathematical
features of girih design including geometric and numerical. These can be traced back to Bourgoin’s
work [5]. Academic writings continued in the 20th century, and in the 21st century, a paper by Lu
and Steinhardt [22] opened new discussions on the subject. The paper focused on decagonal Girih.

Materials and Methods

Several methods have been used or proposed to categorize Girih designs. A criterion is symmetry
group and base regular polygons. Since the only regular polygons that can fill a flat surface are
equilateral triangles, squares, and hexagons, but not the pentagons, there is a fundamental
difference between the five-fold (decagonal) design and the other three. Five-fold designs atre
sometimes associated with eastern parts of the Islamic world [13]. In some of the sources authored
by Iranian master builders (e.g. Lutrzadah, Sha‘rbaf ), some controlling rules are mentioned for
designing. Fig. 1 shows a set of five polygons that can be used together to fill a surface. the set
belongs to a decagonal design called Kund-i dah (meaning obtuse/blunt ten).
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Designs using this set can be subdivided. Subdividing is converting polygons to similar smaller
polygons that fill the same frame. The corresponding polygons in the subdivided frame are smaller
than the original one. There are several

methods for subdividing and in this paper one introduced by apprentices of Lurzadah a master of
Iranian architecture is used [21].

Results

The girih-i kund-i dah which uses the polygons introduced in Fig. 1 can be subdivided to make new
designs but with smaller polygons. This has been known by master builders and is introduced in
their texts. The most basic Girih pattern introduced in these sources (which has an easy method for
drafting) is called amm al-girih (meaning mother of knots) since subdividing it results in new
designs. The method Lurzadah has introduced for subdividing could be used repeatedly. (Fig. 2)
His two apprentices, Ra'Iszadah and Mufid have applied the method four times in a row on a
design, but it is not limited to 4 [21]. In decagonal designs, the undetlying grid would change by
subdividing. This means that there is not necessarily a “combining” action in the opposite direction
of subdividing to make a pre-subdivision design. In this paper, it is shown that subdividing is
related to the golden ratio and generalization of the Fibonacci sequence. The two concepts are
defined below:

a and b are in the golden ratio if this equation is true

b a

a a+b

The value of this ratio is also the result of the equation:
1445

-

The golden ratio is an irrational number that is approximately equal to 1.618. Its value to the power
of two is one unit larger than itself.

pi=¢p+1

This ratio could be shown geometrically in different shapes. The length of a diagonal of a regular
pentagon with the side length of one unit is equal to the golden ratio. This relates the ratio to the
Fibonacci sequence. Fibonacci introduced his famous sequence in the 13% century [30].

In the first step, a decagonal as shown in fig.2 was subdivided several times. In subdividing by this

method similar polygons in the resulting designs would be scaled by reciprocal of phi (i) Since the

designs have frames of the same size, by scaling each design by a factor that equates corresponding
polygons of different designs, the frames too would be scaled by that factor. Fig. 3b and 3c show
this scaling. Each frame is @@ times its previous one. If the length of one of the sides of the first
frame is equal to one unit, then along with the lengths of its corresponding sides in the next frames
after scaling be listed as a sequence, it would form a geometric progression with common ratio ¢.
In this sequence, each term (after the second one) is the sum of the two previous terms.

There are examples of self-similar Girih designs (subdivisions of a large scale design by smaller
polygons) in real-wotld in different buildings. Some of their parts could be chosen and put together
to show the same result as shown in Fig.4. The sequence was continued by the authors. The
theorem was also tested in an approximately 11 by 8 units rectangle. Fig. 5 shows each length of a
rectangle is equal to the sum of the two previous ones:

In,-l-f = En + In,-l-l

This is also true for widths. In Fig. 5 the sides of the rectangles (except for the first rectangle) are
axes of symmetry for small scale polygons.

Discussion

By subdividing the design, the ratio of the side-lengths of the frame to side-lengths of polygons
changes by the golden ratio. The frames could be arranged in a spiral that shows their relation to
the generalization of the Fibonacci sequence. These arise from the relation between decagonal
designs and the golden ratio which itself is because they are based on pentagons. A diagonal of a
pentagon is in extreme and mean (golden) ratio to its sides. As there are pentagons in these designs
it could be shown that the side length of pentagons before subdividing is equal to the size of the
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diagonal of the pentagon after subdividing. This is shown in Fig. 6. Since all polygons are scaled
proportionally, the scale factor is equal for all the polygons within a frame.
By scaling frames by a factor that results in corresponding polygons of the same size, the difference
is displayed in frame sides’ length. And since the ratio of the corresponding side length of each
frame to its previous one is equal to phi a sequence for the scale factor of each member is as
follows:
Gl = {@ﬂJ @11@21 @31@4J¢351¢J6J fﬂ'?, }
And since

Z=p+1
(ry is equal to (75
Go={Lpep+12¢+1,3¢+2,50+3,8p+5,..}
As apparent {75 is a generalization of the Fibonacci sequence, in which, after the first two terms,
which are 1 and ¢ each term is the sum of the two preceding ones.

Conclusion

One of the problems of geometric analysis and designing Girih for a specified frame is defining the
size of the polygons. The relation between the size of the frame and the polygons for new designs
can be calculated based on an existing design. In future research, such calculations can be used in
analyzing and developing algorithmic solutions for designing.
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dimensions.
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Fig. 4: Real world samples of kite polygons arranged in generalization of Fibonacci sequence and extended by authors.
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