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Abstract 

In this note, we study the effect of adding fixed points to justification logics. By making 

use of the fixed point operators (or diagonal operators) introduced by Smorynski in his 

Diagonalization Operator Logic, we introduce fixed point extensions of Fitting's quantified 

logic of proofs QLP. We then formalize the Knower Paradox and various self-reference 

versions of the Surprise Test Paradox in these fixed point extensions of QLP. By 

interpreting a surprise statement as a statement for which there is no justification or 

evidence, we propose a solution to the self-reference version of the Surprise Test paradox. 

We show that one of the axioms of QLP (the Uniform Barcan Formula) could be the 

reason for producing contradiction in these paradoxes, and thus by rejecting this axiom we 

can avoid contradiction in the aforementioned paradoxes. By introducing Mkrtychev 

models for the fixed point extensions of QLP, we further show that these fixed point 

extensions (without the Uniform Barcan Formula) are onsistent. 

Keywords: Justification logic, Fixed point,  Quantified logic of proofs, Surprise  Test 

Paradox, Knower Paradox. 
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-	.�� 6#78� ���� 9� �� :#7��; !	 %� 	 %� 0�4	� .��3���<	� =�1,5 %1�	(� ��
� !	   3�
 ���� �#,�-	.������ �� 	 %� �.�� �  ���=�1,5	   /($#�  ����(��  	( �>?7@!    �(�	� �(�
�

)�	  B7@ 	 �5! ���!(0  �&�#7$� /$#��D,�%  (��+�%   �($� )�(4   �	(�3 �(� 0  �(���  �#(,�
-	.�� 	  %� �$� �����;. E&����	< EF$ �G,� � 	���   �	(81�� E&����	(< 3� %@	"���#H !	 

=�1,5 ��� �� �� )�I1����J ��	� ��
� !	  -�#(K  %(� !�(�� .��(�&   (,L� 	(���  (�9   �(?7"
B�	J 5����� )���5 ��#�@ ���!  (  �&�M  "#(��N%  ��(�!      �(��� �� 	(� 0����(� �#("� �;  �#(,�
-	.�� 	 ?O )�� 0% ���!   J �	(81�� E&����	(< P	"�� �#H �G,�� )�(I1��� ��� (� (� �% �( ��.   	(�

�� Q���� �	R�% ���  �&�D% 3�  6#K� ���� �#,�-	.��	  �1�� �&)  �� �; 2(� 6#(���  �	(&�	� 
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1 .-�%��  

 "#� �(��� (�� (Justification Logic)  %((
��� ��(�!  )�	((��� 6j�1($�  -	(.�� !	(  ��((^	%  �
"#��-	N 1��+�% � � ���% .��& ��������� "#��N�& %   �($� )�4 %��+� (
���%   ]	(� �(� 

-	.�� ����	  (Logic of Proofs) LP %� �4	� �� :#7��; /$#� �&[1, 2]   )�(4 �(k���  .�($� 
��1� 2(�  ��[3, 4]   �(���  �#(,� -	(.��  	( ��� (Quantified Logic of Proofs)    ��#(�@ �(� ��

6#78� ���� 3� %4�1,5	  ��+� .��& %����!	  "#���   %(4�1,5  �(��� 3� )���(5   	(� 	( 
6#78�-�	.@ ������ 	� �& ��1,  	   -�#(K �� %�	 �: �    %(� �($� �(�   �; �� �(& 0�(��;

�   � 6#��� 9��    �(�"#� ]�(� 9(�  %(��  .�(4	 �(��� !	(  "#� (��  �� (�% ��#(�    ��#(�@ �(�
����   ����) %1��+� _��� (��	� ���� 	����5 �I� ��  �(�	O �(�� �� �& 0   -�	(.@�: �  ��

%� -�#K �� ��#�"	� �D��� �� ���+� !��� (� 	4 	� B��� 	�) ��"#� 9��   �($� l�	(K" 
 !��� .��& ��.+�H��% ���� 3�	 ! "#��� m���  ���	7��	,O%    �(�� �� � �($� -	.�� B�	�

���� 	  -�	.@�: � %� �� -�#K �� ��#�"	� !��� -	.�� 9�� �$�"   .��& ��.+�  
3� �; 	"%� H�� �&% ���� 3�	 ! "#� (��  (m� 3���  �(��	7�  �	(,O% ��   #�	(n< o	(,O 

.p 0��1,  ����#H���+% $�F� �& �$��� ;�	  	(��#�%�   )���(5 �H	($ 	( !  �#(H  P	("�� �� 
< o	,O#�	n �% �� ���#� �������!	  "#��� .4�� 3	($!    �	(�3 �� q�#(4 %(+�.p0  ��	(.@% 

P	(("�� �#((H  �((& �(($� �#((H �((�((�	  P	(("�� �#((H Q(("��  .�(( ���   #�	((n< o	((,O
(Peano Arithmetic)  ��	� ��
� ��(Fixed Point Lemma)  	(�    !�(�� �(�(Diagonal Lemma) 

� ��	� �� 	�%�r7" �3	$%  ���� �	�3 ��	,�3��    .�(��& �	(1�� P	"�� �#H -r7" ���	� �&
�W�� Z-r7" �#H %@	"�� ���! 	1� ���� �	R��s 7N�% �� #�	n< o	,O �   t�(p ��(�Y7  

L,?� �N� Bk	,�% )�4 )�	L1$��6	u� !��� .�� m��� �) 6�#5 ���	7�	� �(?7" �H	$ 	�!   �(&
J�B�	�� ��#� -	.�� �#H � ����	  (�% (�(�&0 �+� (�X  l�(K !��h(<	�   %D($�	�   �H	($ 	(�)

�?7" �!  � �(& (��>�	     �($� �#(H ��#(� oV	(&  0(#(>J��� E&����	(< 0 �   	(��� E&����	(< 
	�)   ()����� E&����	<(the Knower Paradox)  3��r<	& ->1�#� #(�    �(?7" �H	($ 	(�)�!   �(&

���+��#H l�K !��h<	� � ����	 �%(��& .��1,  ��	� ��
� �� 3� %S�	1� %>7   
  �& %�	" �; 3����� M�  3#� ��m� �; �� �& %N�"#�      ��#(4 -	(.�� �(�	� �(�
� !	( 
 0�$� )�R� %��+����	���� 	� ���� 3� %1�	� ��
� !	N4�1,5  %(� %��+� ��"#�   !��(� .��(�&

���   !��� �>?7@ ���� 3� �	&(Diagonalization Operator Logic)    %D(,���#7$� /($#� �&
 ��[5] %� )�	L1$� �$� )�4 %��+�.���&  � �	�3 6#K� ���� �#,�-	.�� 	 ��� �� �� (�w   	(�
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6#���	 ! � ��	� ��
� 6#K� �	� ��
�� � =�1,5% ��� .� ����   (  	(� 0��	
��M  	(�+�   	(�
!��.+� ���! ���  ��	� ��
� !	 �>?7@��+�% 7�%�&��� 	� .�� �	53	$ 06	O! H��% � 3� (�� 

=�1,5�� 	  	�  �(�j� 3� )�	L1$�  %($	�4  �(���  �#(,� -	(.�� 	(    �	(R� %(�   EF($ .��( �
 �G(((,� � 	(((��� E&����	(((<    )�(((I1����J �	(((81�� E&����	(((< 3� %@	((("���#H !	((( 

(the Surprise Examination Paradox) =�1(((,5 �(((�� �� ��  3� �(((�	� �(((�
� !	((( ��� 
-�#K !���  �; !��� %G$	< � )��&%� ����� 	   .�� �  
�� ����� E&����	< 3� %��#K �	�� �� %� )�I1����J �	81����3���< .��� E&����	<  ��(��� 

�	� /$#�  �x�x&��[6]  ��#�@ �8�"  yr(& %4#�	HA"  �(R1��  �(4 . EF($  -�#(K !�(�� 
!�>�� 3� E&����	<  ��#�@ �8�")�I1����J �	81�� E&����	<" /$#�  E��[7]   �(4 �����

�$� s��� �1R�� �#�&� �& .�� 0����� -�#K!��� ��� 3� E&����	< ��  3�[8] �k��� %�.�� �  
�� �G,� )3�� E&����	< ��� �� t�4 ��3 :�$�  

"9� �?+� ]r@� %���& �& z	
��� �.�4�	NW 	� �.�4�� �1L  9� )���;   )�(I1����J �	(81�� 
���5�� �4 � �#H .%�#SR��� �{��1@ %���& �& �	81�� ��� !���5�� �D7���J �$� . �(5� 
�	81�� �.�4�	NW ���5�� 0�#4 �$ �� )	>�;%� �.�4 ���#(� �� �;  _�(< %(���    �����	(�� � ��(&

�#� � �#G� )�I1����J �.�4�	NW �� �	81�� .�>�� :�p 3� �.�4��  �(��  �(��  �	(81��   ���(5��
�4 � �#G� .���3 �� 3�� 9��.�4 %����� �& �	81�� %7� ���5�� �.�4�	NW�#4 ) �	(7   �#(p 

�& �� 6j�1$� %?.� �	R� )��� )�4 �$� (� �����	�� %� ���#(�  _�(< %(���  ��(&  �(&  �	(81�� 
3��  �.�4�� %� ���5��    �#(� �( �#G� )�(I1����J �.�(4�� �� �	81�� �����	�� � �#4 . �����	(�� 

�D7���J �$� 9� �& �	81��  )�(I1����J  � !	( 3�� ��   �.�(4�	NW 	(� �.�(4�  �(1L    )�(��;
.�#4 ���5��"  

9� �G,� )3�� E&����	< ��� �� t�4 ��3 �$�:  
"	74 ���� %�	81�� �� �#H �4�� �& 	74 �� ��>?�	J � �#H  ��(&  %(�+�)  %(7� �(���#� 3� 
B.� .(!�4�� �� �#H �	81�� !3�� �W �& ������"  

�#��	7  �&  -�#(K 3� !	(   3� l#(�  E&����	(<  }G(R�  �($� "  ��#(� )�(I1����J" 
`��	�  �� j#7+� �	81�� y	$� "�1,����"  �	(81�� `��	�  X(��+�  %(�   ru(�) �#(4[9–13]  ��
(����.� .9� �	81�� !��� _���3#�; )�I1����J �$� �5� � /
� �5� _���3#�;  �(��#1� 3�  B(.� 
����� ]��& �� �& 3�� �	81�� ���5�� %��#4 .   %(� ��	(R� �#(p ��  �G(,� ��#(� !��  3� )3��

      �(�� !�(>�� !	( ��.+� .��(& �� �#(G� %$��� �� �; ��	
� ��� �� 	� �& ��& ����� E&����	<
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� �; �(� 	� �& �$� )�4 ����� X?1G� -j	
� �� ��#� )�I1����J !��    �(H���< �� �#(G� 	( 
 6	u� !���)[14–17]      �(& �($� �(&V �(� ]3j .(����.� �� �G(,�     �(�� 3� %@	("�� �#(H !	( 

%� %��+� ��	
� !�+� _G� �� �& ����� �#"� E&����	<.��#4 

-�#K !���-	.�� �#,� ���� �� E&����	< ��� !���  �(�"#� !�(�.+� 	  -   !��(� �#(8�
%� ����� )���5 9� ��#� )�I1����J)���5 9� �#I�� ��� !��� .�� � !��J )�I1�� ����   ��#(�@

)���5�!   �&�M "#��N(!� 	4 	� %?���) % ����� ���+� !  ����� �#"� �; %(� ��.+�  .��(�&
9� 0�>�� -�	.@ �� �	81�� !��� _���3#�; )�I1����J �$� �5� � /
�  �(5�  _(��� 3#(�; 3� 

B.�  M� %?��� �4	� �14��� (!� 	4 	�)    ]��(& �� �(���� �; �(�	< �� �& 3��  (81���	  ���(5�� 
%��#4 �� 	� . -	(.�� �#,� ���� 	(   )�� (?O !��(� %   �G(,�  P	("�� �#(H  (�9  )3��  �(��

� �k��� E&����	<% ���  .  
  
2���/� 0��1 	� �
�� ���� .  

�� ��� _G� %H�� s�	1� 3� �1H	�4 )�4 ��
� �� ����	& 3� �� ��	� ��    o	(,O !	N(4�1,5
 #�	n<�� !��;�	� %��� .���& ���  	S������ %5�	$ !���  %+�.p ��@�     �; 	(� �~	(�1� ]�(� �
 %�+��	  �	�3 ���� %7� B�	� %��	L� �	7� 3� ���Y7  .��#4�̅     6#(��� 6�#(5 ��(@ !���� 

%� )�	L1$�-�#K .���& ��	� ��
� �� 3� ��3 !���3� [18] �1��5 )�4 �$�.  
  �((��& {�((� .�((�	� �((�
� �((��  9((� =�1((,5  3��� �((4	� .!��((� �((   6#((���

�(
, ��, … , ��)  ��3; !	((( ���1� 	(((� 0
, ��, … , �� 6#(((��� 0�(��, … , ��) �#((("� ���� 
�� !�#p  �&  

� ⊢ 	�(��, … , ��) ↔ �(�(�� , … , ��)																, ��, … , ��) 

��� �� 	� �� ��	� %��3	$ -r7" �#H P	"�� ��  �	�3 �� �� -�#K 6�#(5 .���& !��� 
3� �� !��� ��	� ��
� �1H	$ �?7"�& !�  �� ��%� �	����&  

"�� �� �� B�	� -	.�� �1,��"  
L1$�)�	 ��&.  �� �?7" ����� :�$� �	�� B�	� ��3 -�#K ��  

� ↔ ¬����(�̅) 
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 �; �� �&����(
) -	.�� 6#78� �� !��h<��  %�+� 0�$�����(
)    -�#(K �(�� ��
%� )���#H :�#4
    �� (6#(��� �; �(& �$� %�#��� 6�#5 ��@)��  -	(.��    	(� .�($� ��h(<

 ��
� 6#��� 3� )�	L1$�.��& ��	� �� �#H ���	7�	� ��m� 6�#5 j	� ��	�  
��m�  ���& {�� .6�#5 ���	7�	��  9� BK� %1R53	� �#p �� =�1,5 ]	(7� � ��h<  3�

��  �4	� . )	>�;� �	53	$	� �$�.  
3� %D$�	� �� !��� ��	� ��
� �1H	$ �?7"!�  �� �� �& %� �	����&  

"oV	& �� �1, "  
)�	L1$� ��m� � ��& X��+�   �� �(?7" �(�� .��& ��	� �� l�K !��h<	���    -�#(K �(�

:�$� �	�� B�	� ��3  
� ↔ ¬��(��) 

�; �� �&  ��(
) 9�  l�K 6#78�(truth predicate) %�0�4	�  %(�+�  9(�  6#(78�  	(� 
9� ���1� ��3; 
 �� ��#5!� �& !��� �   �?7"� -	.�� ��3 6#���:�4	� ��h<  

� ↔ ��(�̅) 

��(
) %� )���#H -�#K ��� �� :�#4
        (6#(��� �; �(& �($� %�#(��� 6�#(5 ��(@)
 .�$� l�	K0Q��� �� �?7" �   6#(��� ��� ↔ ¬��(��)  	(�  �(?7"  #(>J���   �(?7" �(��) 

�$��	� �
�	�� (�$� � ����  6j�1($�  �(k���  )�(4 ��   ��(m� -	(.��  %D($�	�  �(�  ��#(�@ 
E&����	< #>J��� �1H	�4 %�  .�#4  

m��� X��+�!��h<	�  %D($�	� l�K .   �(��& {�(��   9(�  =�1(,5  3���  �(4	�  � 

��(
) 9� 0�4	� l�K 6#78� %�+� 9� 6#78� 	� 9� ���1� ��3; 
 ��  �(�#5!�  �(&  !��(� 
�   �?7" � :��4	� �14��  

� ⊢ � ↔ ��(�̅) 

 -�#K ��� ���  �	53	$	� �$�.  
 �� #�>1�#�[19] �S�1��      6#(78� 9(� 3� �; �� �(& ��(& -	(.�� ��	R� !�(
)    �(�.+� 	(�

"
  �$� l�	K 	����^ (6#��� �; �& �$� %�#��� 6�#5 ��@)"   �	(7  .��(& )�	L1$�   �#(p
 �� �&[20] %� �$� )�4 �	��       .��(& )�	L1($� %(1��+� �(�.+� 9(� 3� �(�.+� ��� !	" �� ��#�

 6#78��(
) 9�    �(��+� 6#(78�(knowledge predicate)   %(� )�(��	� 0�#(4  %(�+�  9(� 
6#78� 	� 9� ���1� ��3; 
)	5 � 0 !��� �   �?7" �-	.�� ��3 6#���:�4	� ��h<  

�(�̅) → � 
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�(
) %� )���#H -�#K ��� �� %(� :�#4  ��(���
       �; �(& �($� %�#(��� 6�#(5 ��(@)
  .�$� l�	K (6#��� 

  .#(�>1�#� ��(m�    �(��& {�(��   9(�  (,5=�1  3���  �(4	�  � �(
)  9(�   6#(78�
���+�  .��& l�K ��3 /���4 �� �& �4	� !��� �   �?7" �:  

1 .� ⊢ �(�̅) → �. 

2 . �5�� ⊢ � )	>�; 0� ⊢ �(�̅).  

 -�#K ��� ���  �	53	$	� �$�.  
 ��m� 	� ��	R��+��X	�h<��!    %(� 0%D($�	� l�(K ��#(�      ��#(�@ �(� �� #(�>1�#� ��(m�

"��m�  �+��X 	�h<��! ���+�"        �� 6#(��� 9(� �l�(K �(& �#��	(7  %(�+� .���5 �I� ��
%7�   %(7� �(�� �� �(��+� 0��& X��+� #�	n< o	,O �� 6#��� 9� 3� )�	L1$� 	� ��#�   	(� ��#(�

    #(�>1�#� ��(m� �(& ���& ��� �7^ �� .��& X��+� #�	n< o	,O �� 6#��� 9� 3� )�	L1$�
 ��m� 3� %7�7+��+��X	�h<��! 	� l�K   6#(78� 9(� l�K 6#78� �  ���3 0�$� %D$�

.�$� ���+�  
 �� ��5Z� 6	<[20]     3� �; �� �(& �($� )��(& �(���� #�>1�#� ��m� 3� %�	.��  �(�    �(�	� �(�
�

!���  �1H	$ �?7"!� �� �� )�	L1$� �& �$� )�4  �G(,�      E&����	(< 3� �(�3 P	("�� �#(H
%� �	�� �� )�I1����J �	81��:��&  

" ������ 	74 �D��� �>����  -�	.@ �$��	�	74 0�$�  �����9  �#H �	81�� (��   �(4��
 	�� 	747�%��#���  3� ������ -�	.@ ��� ���� �&�9  �#H �	81���� �4��"1  

�r<	& /$#� �	� ����� E&����	< 3� j	� �G,� - �� #�>1�#�[21]     �� ��(5Z� 6	(< .�(4 �����
[20]  �817� E&����	< �� E&����	< 3� �G,� ���(Examiner Paradox)     �(�� .�($� )�(��	�

 �� �?7"�� :�$� �	�� B�	� ��3 -�#K ��  
� ↔ [�(¬�					) ∨ (" ∧ ¬�(� → "								))] 

�#�&� 	� %� �I� �� �� )�I1����J �	81�� E&����	< )3�� �LK �G,� �(�5   �G(,� �(�� .��
:�$� �	�� B�	� ��3 -�#K �� �� � �$� )�4 �1H	�4 	��� E&����	< ]	� �� E&����	< 3�  

"%��?7" ��� �& ����� �$��	� �$�" 2  
	�  
"%7������ ��� �& �?7" �$�� .�$�" 3  
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%� �� �?7" �� ��� �� ��#��� -�#K �� w���� ��-�#K ��3 !	 :��& !���  
� ↔ �(¬�					) 

� ↔ ¬�(��) 

-�#K %?K� �& 	��� E&����	< /$#� �r<	& �  #(�>1�#� �� [21]  �(k���  )�(4  0�($� � 
z	$	$� ��#7� %1��+� E&����	< #>J��� %� ��3 -�#K �� 0�$�.�4	�  

(	��� E&����	<) ��m�.  ���& {���  9� =�1,5  3���   0�(4	�%(
, �)    6#(78� 9(�
�	�� 6#��� ��� U	1�1$� ��?�	� �5 !	 �  �4	� � �(
) 9�      �� �(& �(4	� �(��+� 6#(78�

%� l�K ��3 /���4.��& !��� �   �?7" �  �&:  

1 .� ⊢ �(�̅) → �. 

2. � ⊢ �(�(�̅))								 → �). 

3. � ⊢ �(�̅) ∧ %(�̅, &	) → �(&	). 

 -�#K ��� ���  �	53	$	� �$�.  
	((� �((�	N� �� �G((,� �((�3 E&����	((< 3�  )�((��&��	�(the Believer Paradox)  3� ��[20] 

�����  %��� �.  
()���&��	� E&����	<) ��m�.   �(��& {���   9(�  =�1(,5  3���  �(4	�  � &(
)  9(� 

�& �4	� 6#78� .��& l�K ��3 /���4 �� !��� �   �?7" '  ��:  

1 .� ⊢ &(' → �								) → (&('	) → &(�̅)) 

2. � ⊢ &('	) → &(&('	)							). 

3. � ⊢ &(¬'				) → ¬&('	). 

4. �5� � ⊢ ' )	>�; 0� ⊢ &('	).  

 -�#K ��� ���  �	53	$	� �$�.  
��m� �7  -	.�� �� B
� ��� �� )�4 �	�� !	 [20]  	�[22] %� ��	�.�#4  

  
3 �3�4�� 56� #�7�8� .()* 

3 ����  ���� �#,�-	.�� 	 ���  ����	%� !��;���& .-�#K     �(��� �(�� 3� %(L?1G� !	( 
  �� �(& %
��� 	S��� �� 	� .�$� )�4 ����� 2��1�� /$#�[3]      Q("�� �� �($� )�(4 %(��+�
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����  %�_G� ��� �� .�� �  %4�1,5 ��	� ��
� 3���� ��+�% �%�&�� E&����	(< � 0 	(  !
 )�I1����J �	81�� � 	����� �� =�1,5 ��� -�#K !���%��&��.  

 �	�3 ��1�����  ��%� X�K#�   �(��� �	(�3 �� .��(�&      3� �(& �($� 6#(7+� �(�"#� !	( 
��	� � ��"#� !	      .�#(4 )�	L1($� %(
��� 6#(K� !��� %?�j� ��#�@ �  	(" �(�!  �(�	� 	( ! 
"#��N%0 2��1�� 3� ]��!	  ��� -	.�� (�� (primitive proof term)   (� )�	L1($�%   0Q(��� �� .�(�&

 �	�3��� �@#7S� B�	4�! 	74�� 	 �	7� 3�!   �(���� %+�	�(primitive function symbols)   	(�
 !	 ���1� ���+�� X?1G�.�$ 	 �	7�!  +�	(� �(���� %  ]�(�    -�#(K �(� %�	( +(
�, … , 
�) 

 ��1, �; �� �& + �	7�!  ����� Q�	�� �$� 
�, … , 
� �1��	 �! "#��N%   	( �	7� .��1(, ! 
+�	� )���1� �LK ����� % Q��� �� �	7 ��	�!	  "#��� .��1,   

]��	  6#��� �	 ! "#��N% ��� 3 �#1$� /$#�3 �	��� �1H	$ %���#4:  
� ∷= 	
. 	/	+ 0
1, … , 
�1/ � ⋅ 	�	|	� + 	�	|	! �	|(�∀
) 

�	 ∷= 	7	| 	⊥ 	 |	�	 → 	�	|	(∀
)�	|	(∃
)�	|	� ∶ 	� 

4	� �14�� �"#���  �& !	 �#$ ��∀
, ∃
  ���1�
 9� �1��� "#��� %�   )�r(@ �(� .�4	�
 �	�3���  (78� !	 �	7� !	" ��  )���(5 !	( ���1� 3� %�# !�7      %(7�� -r(7" ��#(�@ �(�

%� )�	L1$� .��&�+��X  !	 ���H� � ��3; ��
��1��	 � 	" ���>��% �1��	 �  	� ]�(�  	(   �(��	�
�$� 6�� �.��� ���� ���1� ���H� 	S��� �� �& -�	L� ��� 	� 0
  ]�� ��(�∀
)   �(I��� �(�
� 

%� �1��5�#4. � �1,� �� ��"#� ]�� 9�    �(@#7S� .�(4	.� !��3; �(��1� M�  B�	4 )	5�  ���	
 6#��� ��3; !	 ���1��  �	7� 	�';(�) %� )��� �	R�  6#(K� .�#4 ��#(� ������	 &��� (.%  3�

 6#K���#� ��� -	.�� ���� � 6�� �.��� ����	  (��) .�$� �#p �� �� (��  0�(� 6#(K� ���  
:3� ����	.@  

1 . �7 6#���!	   �.1+��	�3 �� 	N�#78� ���� ��� 

2 . BK�)jK (<: (�	 → 	&) → (�: �	 → (< ⋅ �: &)) 

3 . BK�)Sum (<: �	 → < + �: �	, <: �	 → � + <: � 

4 . BK�)jT (�: �	 → � 

5 . BK�)j4 (�: �	 → ! �: �: � 
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6 . BK�)UBF ((∀
)�: � → (�∀
): (∀
)�	 ���1� �& %p�4 �� 0
  ��� � �� �� ��3; .
)UBF XLG� Uniform Barcan Formula )6#��� �	&�	� ��H�#�D%� (   3� %�	(17  �(& �4	�

(.�$� 6�� �.��� -	N"#� ���� �� �	&�	� 6#��� 

 6#K� 3� 9� �  �& ���& ������    B(K� w(�	� 	� t�p 9�(axiom scheme)   .��1(, 
 ������� ����! 3 �@�#��� :�$� 

1 .]�
� Q^� )�@	� (MP) :=	→	>,			=
> 

2 .7+� )�@	��� (Gen) :=
(∀?)	= 

3 . BK� -���^ )�@	�(AN) :@	AB	CD	CEAFG	ADBHCDIJ
	K(EL,…,ED):@  

 )�@	� �� �&AN  6#���� ��#7� 6#K� 3� %D� 3� !���� �$�.    
    %(��+� �(� 6	(O  (K� � �	(�3# 6  �(������M   (� �(&9 3 (��   )	>1($�3� ���    �($�

%�  �	�3 .��3���<���M ]�� B�	4 !	 (�∀
) %7� ���Y7  � �4	����M   B(K� !����UBF 
%7�  .�4	�  

 )�@	� �5�AN ���� 3� �� !	 ���  ����M  �(��� )	>�; 0���& :hO    �($� �(� %�	( 
%��; �& ���;   	(� w(���� �� �� 	 QLP∅  ����∅M   %(� �	(R�      �(& �($� �(&V �(� ]3j .��( �

)�@	�  AN �N� 3� %D� -	.�� !�����K	H ����  �(��� !	(      ��(K	H %(�+� 0�(�"#� !	( 
%((���� !3	(($(internalization property)%((� ���((� )�	L1(($� ��#((� 0 ��((K	H �((�� .��((�5

�	��  %�  %(� �� ��"#� ���� 3� ��m� �  -	.�� �& ��&  �� �	(�3 ���� �� ��#(�    	(� �(�"#� �(�
]�� 3� )�	L1$�.��& �	�� 	  

%���� �� �5� .!3	$� ��m� 3� !����       �1(,� �(�"#� ]�(� )	(>�; 0�(4	��   ���� �#("�
��  �& !�#p�: � ��m� 3� !���� .�$�  

  6#((��� -	((.�� !�� ��
1(($� 	((� -	((.�� .-	((.��� %((� ]	((S�� �� %1�	((O 	((N�� 	((� .�#((4
�I���  %� �; �� �& ����5 �  )�@	� 3� )�	L1$� 	�Gen       -	(���" !��(�) �(4	� )�(�; �($� ��
_��  ��[3]   .(����.� ��  

 ���& {��� = (∀
)&  �; �� �&⊢ &      �1(,� ]�(� 0��
1($� {�(� ��	(�� .<   ���� �#("�
��    �(& !�#(p⊢ <:&     )�(@	� 3� )�	L1($� 	(� 6	(O .Gen   :�(����⊢ (∀
)<: &   3� )�	L1($� 	(� .

BK� UBF  :�����⊢ (<∀
): (∀
)&	 �� � ���� �$� %�	& .� = (<∀
) .□ 
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%� 6	O   (,� -���(^ )�(@	� �& 0��3 )�@	� ��� �	R� ��#� �#(qNec)   %(� )�(��	�  0�#(4
U	1�1$�:�$� ��h<  

�
(∃
)
:	� 

 �& %p�4 ��	
	 ∉ ';(�)  �(5� :�$� ��3 -�#K �� -	.�� .⊢ �     3� )�	L1($� 	(� )	(>�; 0
��  %����  �1,� ]�� !3	$�  �& !�#p �� ���� �#"�⊢ �: �    t#(^� �(� -�#(K �(�� �� � 0 

⊢ (∃
)
:	�_G� �� .   )�(@	� 3� !�(+� !	 qNec   E&����	(< -	(.�� ��    )�	L1($� �	�(,� 	( 
.��& �� �#H  

  
1.3 ;�)�<  =*�> ?�!� 6��QLP  

=�1((,5 %((��+� �((� _((G� �((�� �� �((�	� �((�
� !	(( ��� 	((� �((& 0���('�)  _�	((7�
)���  %� %� 0�#4 .��3���<�1��� )���5 !� 7  ��∃ - �"#� 6#��� ���(7, S	) %� �	(�   )	(5 �(  ��

�((7  	 ���((H�! 7  6#((��� ���(7, S	)  �((���� ��(∃
)
:… �((�"#� �((��1� 9((� !��((� 0
 0
����  .����5  

�1� 06	u� ��#�@ ���� )���5 !� 7  ��3 6#����� ∃ -:�$� �"#�  
�(7) = 	 (∃
)
: 7 ∨ (∃�)�:	¬	7 

 6#((��� �((& �((��& �((��(∃
)
: � %((� �� -�#((K �((� ��#((��	�  )���((5 �((� %((�+�)� 
�((��+�  �((����   �((� �((7"�� �((�� ��#((� �� �1((R�� -	8�((^#� !��((�) ��((& �((7"�� ([4] 
�+"���  ���	7� .(�	�3 6	O���  ��/$#� !	 �>?7@  �(�	� ��
�  =�1(,5  %(�   !��(� .��( �

�    6#����(7, S	)  �; �� �&�1���  )���(5 !� 7 ∃ -       �(�	� �(�
� �(>?7@ 9(� 0�($� �("#�
T=(S	) %� ��	^� �	�3 �� �& ���& ��� .���&T=(S	)    �(��� 3� 6#(��� 9����('�)   .�($�

	� ��
� =�1,5    �	(�3 �(� �(�	� ��
� !	 �>?7@ ��� ���& ��	^� 	� �����    �(�3 6#(K� �
�� %� �$�:��;  

T=(&	) ↔ �(T=(&	), B) 

 �; �� �&�1� (��  )���(5 !� 7 ∃ -   � �($� �("#�&	  �(�	.�� 6#(��� 3� !�  !	( ���('�) 
.��1,   

 ����� ����	
� 0���� j#7+� 	�	 %� ��� ���  ����('�)  .����>� �I� �� ��  9(� !���
6#��� {��L� �(7, S	)  �; �� �&�1���  )���(5 !� 7 ∃ -    ��(1�� 0�($� �("#�  �	(�3���   ��
/$#�  �>?7@ 9� /
���	� ��
� T=(S	) =�1,5 %�  ���� 6	O .�� �  
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���[T=(&	) ↔ �(T=(&	), B)] 
 3� %4�1,5��� � �& �$� �� ��3 BK� 9� 	N�� ������ 	��� %� �$� ��:��;  

T=(&	) ↔ �(T=(&	), B) 

��	� ��
� !	N4�1,5���M     %(� X(��+� ��	(R� �#(p ��   �(��� ��(�Y7  .��#(4  !	( 
���('�)∅  ����M('�)∅  ����[']∅  ����M[']∅  �(((�	� �(((�
� B(((K� !��(((� 0' 0

 �(���  )�((@	� 	((N�; �� �((& ��1((,  %�	(( AN  �((� !�((+� !	N((RG� �� .�(($� )�((4 :h((O
-�#K  �(�����3 �� )�I1����J �	81�� E&����	< � 	��� E&����	< !���  3� %�	( ���('�) 

 ����M('�) %�.��3���<  
  

2.3 =�A� �%��/  

2��1��  ��[3, 4] ��j� %$	�4�	N"!	  9.$ �� �� �D7� 6��   %(DF��& !	(  !��(�	��� 

��� �k���.       !��(� �� %�	(  6�(� 	(� 0_(G� �(�� �� ���    6�(� y	($� �(� !	(    X(Y���D�
(Mkrtychev) %� %��+����& )[23] 6�� ��� .(����.� �� 	(    6�(� Q(��� ��   %�	(N" 9(� !	(  

!��� 2��1�� ��� ��1, . 

X��+� .6�� 9� V  !��(� ���   �	NW 9(� %�	(�    BD(4 �(�V	 = 	 (�, %, ", ;)	   �($�
�� �& !�#p  

1 .� �@#7S� 06�� ����� ��J !� %N�)3� ��"#� 0	 B�j� � �#4 	�( 0�$�. 

2 .% �& �$� ��.+� Q�	� 9�    �(�3 -�#(K ���  ]�(�     �(>?7@ 9(� �(� �� �(���� !�� � 

%� :��	>� 

# %  ����� %+�	� �	7� �  ��+  ���+� 	��     �(>?7@ 9(� �(��1��   )�(��1�+W: �� → � 
%� ��I� 0�#
H �� .��&% �  ���	7� ��	� X #m@ 9� 3� � %� �	
1H� �.� 

# % ]�� !	 �>?7@ �� 3	$⋅, +, !, ∀ %�	 �>?7@  ����� !���    �(�I� �(�3 -�#K ��
%�:��& 

·Z∶ � × � → �,+Z∶ � × � → �, !Z ∶ � → �	, 
	∀Z∶ � × � → � 
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 9� !��������  � !���1� �4	>� 9� 0�  �� %+�	(� -�#K    �(� �(�"#� !	( ���1� 3� � 
%� X��+� ��.+� 3� )�	L1$� 	� .�#4% %� �4	>� ��#�� ]�� �7  !�� ��  �(� 	    �(�3 -�#(K

 ��� =�1,5�	7� 3� 	�) �\	!	" ���	(�) %� )�	L1$����&:(  

# 
\ = �(
) ��"#� ���1� !��� 0
. 

# +(��, … , ��)\ = +W(��\, … , ��\) ����� %+�	� �	7� !��� 0� )���1�+. 

# (� ⋅ <)\ = �\ ⋅W <\. 

# (� + <)\ = �\+W<\. 

# (! �)\ = !W (�\). 

# (�∀
)\ = ∀W(�\, 
\). 

3. E      �(���� �� B(��� �(  �(� �& �$� � 	4 Q�	� 9� �    �(  �(� �   !�(��1� �(4	>�� 
�@#7S� 3� !�6#��� 	 %� �	
1H� �� ��	� � 	4 Q�	� .� � ��3 /���4  l�(K �(�& .  !��(�

6#��� �7 !	  � � &   �7  �B�j� � � �′ �� �  � �4	>� �7  !���1� !	 � :����� 

1 .�	 ∈ 	"(+(��, … , ��)\ , �) �BK� !��� �. 

2 .�5� �	 → 	&	 ∈ 	E(�, �)	 � �	 ∈ 	"(�`, �) �)	>�; 

&	 ∈ 	E(�	 ·Z 	�′, �). 

3 .E(�, �) 	∪ 	E(�′, �) 	⊆ 	E(�	+Z	�′, �). 

4 .�5� �	 ∈ 	"(�, �) �)	>�; �: �	 ∈ 	"(!W �\, �). 

5 .�5� �	 ∈ 	"(�\(cd), �(e?)) �  !��� � ∈ � �)	>�; 

(∀
)�	 ∈ 	"((�∀
)\ , �). 

4 . Q�	((�;    )���((5 �((��1� �((  �((� �((& �(($� =3�� Q�	((� 9((� =3�� 9((� !�{0,1} 
�.,� %� .� � 

X��+�6�� . !	 ���M  !	N��� ���	���� %� X��+�      6�(� �(& -�	(L� �(�� 	(� ��#4
3	��  �>?7@ �� �#��� /���4 �� �,���∀
 ��4 �?7" 3� 0(v).��& l�K 0  

X��+��4	>� .  !���1�j  9�
 -�4	>� 3� ��#5  !���1�	� )	5�  �$��  �j   �(" ��
 !�� j	71O�
  �	7� .��4	� �	,D��(e?) �	R�)�� � 
 -  �(4	>� ��#5�    �(& �($�
   �(� ��

 #m@�  3�� %�.��	>�  
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 6�((� !��((� .X((��+�V	 = 	 (�, %, ", ;)	 �  !�((��1� �((4	>��  !���  6#((��� �� 0
 6#��� l�K X��+��  6�� ��M   �4	>� �8�� �	7� 	� �& 0V ⊩m � �	R�%� )���  0�#(4

%� �	�� ��3 %���
1$� -�#K ��:�#4 

# V ⊮m⊥. 

# V ⊩m 7   �5� 	N�� � �5� 	;(7) = 1	 !��� 0 )���5 ���1�!� 7.	 

# V ⊩m � → &    �5� 	N�� � �5� V ⊮m 	� 	�V ⊩m & .  
# V ⊩m (∀
)	�    �5� 	N�� � �5�V ⊩\(cd) 	�  �  !���� ∈ � . 

# V ⊩m (∃
)�    �5� 	N�� � �5�V ⊩\(cd) A  9� !���� ∈ � . 

# V ⊩m �: �    �5� 	N�� � �5�� ∈ "(�\, �)  �V ⊩m �.  

6#��� A 6�� �� M �5� �$� �.1+�  �  !��� �4	>��  ��4	� �14��V ⊩m �.  
��m� -	.�� ��r$ !	 (soundness)   !��� ��� ����M   �����	(�� � ��1,  )�	$ �	�,�

%� :hO 	S��� ��.��#4  
 ��r$ ��m����M-	.�� 6#��� �  . �� ��h<���M  6�� �  �����M .�$� �.1+�  
 ��r$ ��m����-	.�� 6#��� �  . �� ��h<���  6�� �  ����� .�$� �.1+�  

 �� 	� ������1L5 _�< %$	�4	�+�  3����M  ���� ���M('�) %� =�1,5 .��( �   �(�� ��
��	
� �!��  {�� %5�	$%�   !	( ���1� �(�	� �(�
� !	 �>?7@ �& ���&  )���(5!�   !�(��"

 ��1,  Q��� �� �� ��	� ��
� !	 �>?7@ !���.+ �(� 6�(� �� !   %(7� �(���� 	(   .��( �  �#(�&�
%�  ��m� ��#���r$  �� %1O�� ��!���  ���M('�)  -	(.��  ��(&     �($���$ �	�(,� -	(.��)

�; �&V 3� �����	�� � �$� �#H%� !���.(���&  
�m� ��r$ ����M('�)  �(�	� �(�
� BK� 9� !��� .'0  �(5�  6#(��� � �� ���M['] 

-	.�� B�	�  3� %��� �  �� )	>�; 0�4	����M  6#��� �&'    6#(��� �($� �.1+� �; ���   �(��
.�#� � �#H �.1+� �; ��  

 

3.3  ,� ���� BC���,�
()*(p*)  

�	L1$� 	�3� )  �(�� � (�)�    �(��+� �(& (�1.�%    � �#(4 �(� �($� E&����	(< 0   	(����� [24–26] 
��#�          �� E&����	(< �(�� !��(� ��	(R� %�	(N�	.�� 	(� .�($� �(1��5 ���(� %$������('�) 

-�#K %� !��� .���&  
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 E&����	< 0	���� ↔ ¬�(�) 0�� ��� 6#��� 	� ��3 � B�	���	 �$�:  
�	 ↔ 	¬	(∃
)	
:	� 

	�  E&����	< -	.��	���  �� ���9 =�1,5 ��	� ��
� ��� � �k���% ���.  
m��� ) E&����	<	��� ��  ���('�)���& {�� .( T 6#��� ��	� ��
� �>?7@  

�(7) 	= ¬	(∃
)	
: 7 
�4	�=�1,5 0-�#K ��� �� .  

���[T	 ↔ 	¬(∃
)
 ∶ 	T]∅ 

�	53	$	� �$�.  
-	.��.  ����	 ����	 (��  �(&   �(������[T	 ↔ 	¬(∃
)
 ∶ 	T]∅   )�(@	� !����AN   .�(,��

� ��3 -	.��%� �	R� �� ���� ��� !�	53	$	.� �  

1 .T	 ↔ 	¬	(∃
)	
:	T 0    BK���	� ��
�  
2 .¬	(∃x)	x:	δ	 → 	δ 0    )�	L1$� 	�  3�1 �  6j�1$� ���� ��)���5	   
3 .(∃
)	
:	T	 → 	¬T	0    )�	L1$� 	�  3�1 �  6j�1$� ���� ��)���5	   
4 .
:	T	 → 	T	  0      � ��#7�! 3� BK� jT  
5 .(∀
)	(
:	T	 → 	T)  0    )�	L1$� 	�  3�4 /$#�  )�@	� Gen  
6 .(∀
)(
:	T → T) → ((∃
)
:	T → T)	0    ��#7��!  3�6#78� ���� 6#K�	   
7 .(∃
)	
:	T	 → 	T	  0    )�	L1$� 	�  3�5 � 6 /$#�  MP  
8 .¬	(∃
)	
:	T	  0    )�	L1$� 	�  3�3 07 �  6j�1$� ���� ��)���5	   
9 .T 0        � 	�)�	L1$  3�2 � 8 /$#�  MP  

10 . (∃
)	
:	T	  0      )�	L1$� 	�  3�9 /$#�  qNec  
11 .⊥   0        )�	L1$� 	�  3�8 � 10.  □  

%� �� ��3 �S�1� 6	O.���; �$� �� j	� ��m� 3� ��#�  
1���S���� . ���('�)∅	 ���� �S�1� �� �)���('�)�	53	$	� ( �$�.  

%� �I� ���$� .�� �&-	 ��m� j	� 7� ��% �� ��#(�  ���M ]	(S�� ���   ]	(5 �� ��(�3 010  3�
 )�@	�qNec %� Q��� �� .�$� )�4 )�	L1$�.��& ��	� �� ��3 ��m� ��#�  
m��� ) E&����	<	��� ��  ���M('�)���� .(  

���M[T ↔ ¬(∃
)
: T]∅ 
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�	53	$ �$�.  
-	.�� .6��  V = (�, %, E, ;)  3����M  ��3 -�#K �� ���& X��+�:��  

1 .� ��J �@#7S� 9�%N� �$� )�#G��0 

2. %  ��.+� 9� )�#G�� !��� �$�0 

3 . �  !���� ∈ �  !���1� �4	>� �  ��  �� � ����"(�\, �) = ∅0 

4 .;(T) = ;(") = 1 ��
� =3�� 0)���5 !	 ���1�,�� �N� !�.� 

 %(� %1O�� ��  ��#(�  �	(R����   �(&V   6�(� 9(�  3����∅M   �($�    �; �� �(�3 6#(��� �
�.1+�  :�$� 

T ↔ ¬(∃
)
: T 

 0E<V 6�� 9�  3����M[T ↔ ¬(∃
)
: T]∅   ��(m� 3� )�	L1$� 	� 6	O .�$�  ��r($
���M('�)%� �S�1� 0 ���� �& �#4���M[T ↔ ¬(∃
)
: T]∅ �	53	$ �$�  .□  

 ��m��� �j	 �9 ��� BO )�� ! E&����	< 	���� �k���% ���%� �I� �� Q��� �� .   �(& �($�
 �� T�	�� �	S�� �@	� �Y�;���('�)   )�(@	� 0�$� )�4qNec     B(K� Q(��� �� 	(�)UBF (

%�.�4	�  
%� �	R� ���Y7  j	� ��m� �� )�@	� �& �� �qNec  �� U	1�1$� B�	����M .�,��  

  
4.3 � BC���,�
 ,� ��D)���EF (�G)�()*(p*)  

�	7 =�� 3� %D� �4 �1L5 ���
� �� �& �#p%� �& %�	  )�I1����J ��#�    )���(5 9(� ��#(�
  )���(5 }G(4 9� !��� �& �$� ��� ��& X��+� ��!�   �($� )�(I1����J   �(&  }G(4 �;

 �M  "#��N(!� 	4 	� %?���) % ���%1$�� !  �; )���5���   (?7" �(& �(�� E< .�4	� �14 �� 
%� �� �$� )�I1����J �� ��#���� :��& �	�� ��3 6#��� -�#K ��  

¬(∃
)
: � 
	@�� %7����& �+� �&�X  3� l#� )�I1����J  (� )���(5 9� ��#�9 �+� (�ZX   ���(� 	�u1($� 

���! �7 ! )���5 !	 >?�	J�� �� )���&5��3%  ��$� )��3��  	(��   (� �(I� �(�%  �($�  �(& ��
	� �	.��� � E&����	< X��+� ��� )�I1����J �	81�.p�+% �$�. ��+%  �5� (�9   ��(� �	(81��! 

_���3#�;)�I1����J !  0�4	� )	>�;��  (  y	$� ���M   %(7� !� 	(4  �(��#� �	(� 3��`  �	(81�� 
.��	� Prp�  

��1�� %� �817� E&����	< %$��� ��:��3���<  
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" ������ 	74 �D��� �>����  -�	.@ �$��	�	74 0�$�  �����9 	81�� �#H � (��   �(4��
 	�� 	747�%��#���  3� ������ -�	.@ ��� ���� �&�9  �#H �	81���� �4��."  

 �?7"j	� �� ���('�)  B�	� ��3 -�#K �����	 �$�:  
T ↔ ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
:	(T → ")t) 

 �; �� �((&"   �((?7""�((4�� �((� �#H �	((81�� 9((� ���((� 	7((4" %((� �	((R� ���(( � 
�T = 	T=(")	 6#��� ��	� ��
� �>?7@ ��3 �$�:  

�(7, ") 	= 	 (∃
)
:¬7	 ∨ (" ∧ ¬(∃
)
: (7 → ")) 

	� � �	R�% ��� �&  �817� E&����	< �� ���('�) � T�	�� �� �S��%�#4.  
m���  �� �817� E&����	<)���('�) .(����  

���uT	 ↔ 	 ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
:	(T → ")t)v∅ 

�	53	$	� �$�.  
-	.��%� �	R� �� ���� ��� !�	53	$	� ��3 -	.�� ..� �  

1 .T	 ↔ 	 ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
:	(T → ")t)	0     BK���	� ��
�  
2 .
:	¬T	 → 	¬T   0    ��#7��!  3� BK�jT  
3 .(∀
)	(
:	¬T	 → 	¬T)	0  )�	L1$� 	�  3�2 /$#�  )�@	� Gen  
4 (∀
)	(
:	¬T	 → 	¬T) 	→ 	 ((∃
)	
:	¬T	 → 	¬T)  0    � �(((�#7�!  3� 6#(((K�

6#78� ����	   
5 .(∃
)	
:	¬T	 → 	¬T   0   )�	L1$� 	�  3�3 � 4 /$#�  MP  
6 .T → ¬	(∃
)	
:	¬T	  0    )�	L1$� 	�  3�5 �  6j�1$� ���� ��)���5	   
7 .T → " ∧ ¬	(∃
)	
:	(T → ")   0  )�	L1$� 	�  3�1 06 �  6j�1$� ���� ��)���5	  

8 .T → "	0      )�	L1$� 	�  3�7 �  6j�1$� ���� ��)���5	   
9 .T → ¬	(∃
)
:	(T → ")   0  )�	L1$� 	�  3�7 �  6j�1$� ���� ��)���5	   

10 .(∃
)
:	(T → ") → ¬T	0  )�	L1$� 	�  3�9 �  6j�1$� ���� ��)���5	   
11 .(∃
)	
:	(T	 → 	")   0    )�	L1$� 	�  3�8 /$#�  qNec  
12 .¬T 0        )�	L1$� 	�  3�10 � 11 /$#�  MP  
13 .(∃
)	
:	¬T	  0      )�	L1$� 	�  3�12 /$#�  qNec  
14 .T   0        )�	L1$� 	�  3�1 013 �  6j�1$� ���� ��)���5	   
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15 .⊥   0        )�	L1$� 	�  3�12 � 14.  □  
#��" 4	� �14���� 7� �� l#� -	.�� �&%�� ��#� ���M('�)	S��] ���  ���3  B(O��� ��11 

 �13  3�)�@	� qNec  )�	L1$� .�$� )�4%� Q��� ��.��& ��	� �� ��3 ��m� ��#�  
m���  �� �817� E&����	<)���M('�) .(����  

���MuT	 ↔ 	 ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
:	(T → ")t)v∅ 

�	53	$ �$�.  
-	.�� .6��  V = (�, %, E, ;)  3����M  ��m� -	.�� 3�  �� 	(��� E&����	(< ���M('�) 

%� %1O�� �� .����>� �I� �� �� ��#� �	R� �� ��3 6#��� �& ���V :�$� �.1+� 

T ↔ ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
: (T → ")t) 

 ��r$ ��m� 3� )�	L1$� 	� 0E<���M('�)���� 0  
���MuT	 ↔ 	 ((∃
)
:	¬T ∨ s" ∧ ¬(∃
)
: (T → ")t)v∅ 

�	53	$ �$�.  □  
 ��m��� j	� �9 ��� BO )�� ! E&����	< �817�� �k���% ���  	(��� E&����	< 	� ��	R� .

%� �I� ��       �� T�	(�� �	(S�� �(@	� �(Y�; �(& �($����('�)     )�(@	� 0�($� )�(4qNec 
	�) �� BK� Q���UBF%� (.�4	�  

)�	$ E&����	< 6	O�� 3��  ���>� �I� ��:���  
" ���� 	74�9  �#H �	81���� � 3� 	�� 0�4���� -�	.@ 7�%��#��� ���� (��   �(&  (� ���(�9 

 �#H �	81���� �4��." 4  
��� � �� �?7"% �� ��#� ���('�)	3 -�#K ���� ���	 ��&:  

T	 ↔ (" ∧ ¬(∃
)
: (T → ")) 

�; �� �& T = 	T=(")	  6#��� ��	� ��
� �>?7@ ��3�$�:  
�(7, ") = " ∧ ¬(∃
)
: (7 → 	") 

	� � �	R�% ��� � �&�� )���5�?+� /$#� )�4 �	�� ! � �
8� B�	���,.  
m���  �� P	"���#H )�I1����J �	81�� E&����	<)���('�).(  

���	[T	 ↔ (" ∧ ¬	(∃
)
:	(T → 	"))]∅ 	 ⊢ ¬T 

�-	.�.����>� �I� �� �� ��3 -	.�� .  

1 .T	 ↔ s" ∧ ¬(∃
)
: (T → ")t 0   BK���	� ��
�  
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2 .T → "  0        )�	L1$� 	�  3�1 �  6j�1$� ���� ��)���5	   
3 .T → ¬	(∃
)	
:	(T → ")	 0  )�	L1$� 	�  3�1 �  6j�1$� ���� ��)���5	   
4 .(∃
)
: (T → ") → ¬T  0  )�	L1$� 	�  3�3 �  6j�1$� ���� ��)���5	   
5 .(∃
)	
:	(T → ")	 0    )�	L1$� 	� 3� 2 /$#�  qNec  
6 .¬T  0        )�	L1$� 	�  3�4 � 5 /$#�  MP .  □  

m���P	"���#H )�I1����J �	81�� E&����	<)  ,����M('�).(  
���M	[T	 ↔ (" ∧ ¬(∃
)
:	(T → 	"))]∅ 	⊬ ¬T 

�-	((.� .6�((�  V = (�, %, E, ;)  3����M  ��    �81((7� E&����	((< ��((m� -	((.�� 3�
��  ���M('�) %� %1O�� �� .����>� �I� �� ��#� �	R� �� ��3 6#��� �& ���V :�$� �.1+� 

T	 ↔ (" ∧ ¬(∃
)
: (T → ")) 

 6#��� )�r@ ��	T  �� ���V   E< .�$� �.1+�  
���M	[T	 ↔ (" ∧ ¬(∃
)
:	(T → 	"))]∅ 	⊮ ¬T 

 ��r$ ��m� 3� )�	L1$� 	� 6	O���M('�) �#� �S�1�%� �$� �� �I� �.��;  □  
 ��m��� � j	�9   ��(� B(O )�� �G(,� !  (�9   @	("�� �#(H )3��%   E&����	(<  �	(81��

)�I1����J � �k���% ���. �G,� �  �#p �� E&����	< )3����	R� %� %$���  �(�#7� !��� .�#4
�G,� 	�  )3�� �� E&����	< ����I� �� �� %�:����5  

"�9 � ]r@� �?+�% �� �& ��&�
z	 �9  �	81�� )�(I1����J  3�� ��   	(� �.�(4��  �.�(4�	NW
; �1L �)�� � ���5��%�#4 0	�� 7� 	74%��#��� � 3��� �	� -�	.@�` ���� �� �	81����."  
��� � �� �?7"% �� ��#� ���('�) 3 -�#K ���� ���	 ��&: 

T ↔ ("� ∧ ¬(∃
)
: (T → "�))	⨁	("y ∧ ¬(∃
)
: (T ∧ ¬"� → "y)) 

 �; �� �&⨁ �	R� � %
�
O %?
� )�� �"�  �"y �	R�)�� �  -r(7" "  	7(4��  �.�(4
 �#H �	81���� �4��"  � "   �#H �	(81�� �.�(4�	NW 	74 (��  �(4��"  �T	 = 	 T=("�, "y)  

6#��� ��	� ��
� �>?7@ ��3 �$�:  
�(7, "�, "y) = sE� ∧ ¬(∃x)x:	(p → E�)t⨁sEy ∧ ¬(∃x)x: (p ∧ ¬E� → Ey)t 

	� � �	R�%  ��� � �&�� �?+� /$#� )�4 �	�� )���5 � �
8� B�	���,.  
m���  �� )�I1����J �	81�� E&����	< )3�� �� �G,�)���('�).(  

���us"� ∧ ¬(∃
)
:	(7 → "�)t⨁s"y ∧ ¬(∃
)
: (7 ∧ ¬"� → "y)tv∅ ⊢ 	¬T 

-	.��.  
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1 .T ↔ ("� ∧ ¬(∃
)
: (T → "�))	⨁	("y ∧ ¬(∃
)
: (T ∧ ¬"� → "y)) 

    BK� ��	� ��
�  
2 .T	 ∧ 	¬"� →	"y 0    )�	L1$� 	�  3�1 �  6j�1$� ���� ��)���5	   
3 .(∃
)
: (T	 ∧ ¬"� → "y)0  )�	L1$� 	�  3�2 /$#�  qNec  
4 .T	 → 	"�0      )�	L1$� 	�  3�1 03 � $� 6j�1 ���� ��)���5	   
5 .(∃
)
:	(T → "�) 0    )�	L1$� 	�  3�4 /$#�  qNec  
6 .¬T 0               )�	L1$� 	�  3�1 05 �  6j�1$� ���� ��)���5	 .□  

m���  �� )�I1����J �	81�� E&����	< )3�� �� �G,�)���M('�).(  
���Mus"� ∧ ¬(∃
)
:	(7 → "�)t⨁s"y ∧ ¬(∃
)
: (7 ∧ ¬"� → "y)tv∅ ⊬	¬T 

-	((.�� .6�((�  V = (�, %, E, ;)  3����M  ��    �81((7� E&����	((< ��((m� -	((.�� 3�
��  ���M('�)  ���& {�� � ����>� �I� ��;(T) = ;("�) = 1  �;("y) = 0  %(1O�� �� .
%� ��#� �	R� �& ���V 6�� 9�  3����M  $�� :�$� �.1+� �; �� ��3 6#��� �  

T ↔ ("� ∧ ¬(∃
)
: (T → "�))	⨁	("y ∧ ¬(∃
)
: (T ∧ ¬"� → "y)) 

 6#��� )�r@ ��	T  �� ���V   E< .�$� �.1+�  
���Mus"� ∧ ¬(∃
)
:	(7 → "�)t⨁s"y ∧ ¬(∃
)
: (7 ∧ ¬"� → "y)tv∅ ⊮	¬T 

 3� )�	L1$� 	� 6	O ��r$ ��m����M('�)  %� �$� �� �I� ��#� �S�1�.��;  □  
 ��m���   (� j	(�9   ��(� B(O )�� �G(,� ! ��   @	("�� �#(H )3��%   E&����	(<  �	(81��

)�I1����J � �k���% ���. �G,� ��	N� �� �9 J )3����  �#H P	"��  �� E&����	(<   t�(4 �(�
3�� >� �I� ������:  

"���� 	74 %�	81��  �#H�� �� >?�	(J �� 	74 �& �4��    ��(& �( �#H�) (�+%  (7�%��#� (�� 
 �� �; `��	����� B.� 3���.("  
�#��	7  �� �,��#$ �& [8] <��	N�R ��&�$� ) l#� -�	.@ 0 (�9    (1��+� �#(& �(�
� %
(blindspot) ���! #SR�����	 .�$�5 )���5 9� � �9 1��+� �#& ��
�% ������ 9� !   �($�

�5� /
� � �5� � 	�� �4	� �$�� ��� �4	� �14��� ���+� �; %1$�� �� 0��+% 

�	 ∧ 	¬�	�. 
j	� E&����	< � ��% �� ��#�  ��� :�4#� ��3 -�#K ��  

" ∧ ¬(∃
)	
:	" 
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	� �� ���M  �� �S�1� �� �)���( � �	R�% ��� �& _���    %1($�� !��(� %(?��� ��3#�;
�r@���  �?+�  .������  

m���.  
���M ⊢ 	¬(∃�)�: (" ∧ ¬(∃
)
: ") 

-	.��.   �(��& {��' = " ∧ ¬(∃
)
:	" .  (� �	(R�% ( ���  �(& ¬(∃�)�:	' �� ���M  
B�	� .���$� -	. 

1 .' → "	 0     �9 )���5 ���� 3� #>1$��	   
2 .X:	(' → ")  0      )�	L1$� 	�  3�1 /$#�  AN  
3 .X: (' → ") → (�:	' → X · �:	")  0    �#7�� �! 3�  BK� jK  
4 .�:	' → X · �:	"  0    )�	L1$� 	�  3�2 � 3 /$#�  MP  
5 .X · �:	" → (∃
)
:	" 0   � ��#7�!  3�6#78� ���� 6#K�	   
6 .�:	' → (∃
)	
:	" 0    )�	L1$� 	�  3�4 05 �  6j�1$� ���� ��)���5	   
7 .' → ¬(∃
)
:	<	"	 0    �9 )���5 ���� 3� #>1$��	   
8 .�:	' → '  0      � ��#7�! 3�  BK� jT  
9 .�:	' → ¬(∃
)
: "  0  )�	L1$� 	�  3�7 08 �  6j�1$� ���� ��)���5	   

10 .¬�:	'	 0      )�	L1$� 	�  3�6 09 �  6j�1$� ���� ��)���5	   
11 .(∀�)	¬�:	'	 0      )�	L1$� 	�  3�10 /$#�  Gen  
12 .¬(∃�)�:	'  0      )�	L1$� 	�  3�11 � 6�� �.��� ���� �� 6j�1$�.□  

)�� 	� j	� �S�1� ���#& �& %?O[9] �� (�>�� �	5��,�#� 3� !�	�,� �)   E&����	(< �(�� !�
)��� �����.�$� ��	�� ���  

 

4 .��!-: ;!"<  

	� =�1,5%1�	� ��
� !	   3� ���� �#,�-	.��  �(& �(���� 	    E&����	(< EF($ .�(��   � 	(���
�G,�=�1,5 ��� �� �� )�I1����J �	81�� E&����	< 3� %�	  ��	� ��
� !	  -�#(K  !�(��

 � ����&?O )��% ���! ��� E&����	<	  ���� ������. )��BO  _�(< ��W ��	< �� )�4 ����� !	 
 _��� 3� 	� ��,L� �D��� 6�� .���#� {��,L���! �1.�%   � �#(4 �� �(�"#� �  �#(� 	(  0� (�+% 

 3� _����9 )���5 � ���� �+�% � �#4 �& �$�! ���! � (��  )���(5   .���� �#("�   )�r(@ �(�
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,L���  (� 3� 	�9  >?�	J �(?7"� �(���    ��#(�@ �(� �(?7"�!   �#(�  (  �(&�M  "#(��N%  ��(�!  �;
�#"�  ����� .� �� �"#� 	���  %(� -	D�   �(�� ��#(� E&����	(< �� �� 	(   =�1(,5   �(�
� !	( 
��	�  ���M �& BO �& %�	O �� 0�-�#K E&����	(< ��� !��� 	(   =�1(,5 ��   �(�
� !	( 

 ��	���� %� T�	�� �� �S����#4  .  
%� �I� �� 0�����	�� T�	�� B�	@ �& �$�%� �(��#�  B(K� UBF  �(4	�.     �(�� 3� )�	L1($� 	(�

��1,��#� BK� 	� )�@qNec   )�(@	� �(�� .����; �$� �� ��  (1��%  ��(� 9(� !  B(�	@   %�	(,��
-�#K!��� �% �#4%� �	��:�& ��& �5� �  9�m���  0�(4	�   }G(4 )	(>�;  ��(�  �(��+� !

��  �  %?��� .���� E<���  )�@	��� ��� �+�%  �& �$� }G4 �7! m��� 	(   (� ��%  �(��� �
�; %1$�� !��� %N�"#�B�	@ 0Q��� �� .���� 	    �(��� /($#� �& %�	 ���  -�#(K  !�(��

%� ��#4
��� �I� 3�% 	���! B& ��1, . � 3��� 0�� )�@	� qNec /
� ���! @	B�!	  � (�)� 6;
�9 	�)�@  .�$� 6#.� B�	����� �� ��	,� ���  �(7  ��	(,� �� %1��+� !	  � %(�����W %(
�� 

(Logical Omniscience Problem)       �((� �1((R�� -	((@rp� !��((�) �(($� :��((+�[27] 
�+"���  .(���& ���	���� 09� ��� �D7� )��! 5#?"��! 3�  E&����	(<  �� B(K� UBF    .�($�

�((�� -�� 	((R� ��((�Y7  ?8� 	((�((�B �((�� - ��	((&��#& ��[25] #��(($� �((�� 0Q((��� �� .
6#���  UBF %�+� 0(∀
)�: � → (�∀
): (∀
)� 0%� �	�� ]�� �& ������ �5� �& ��&�   	(� -	.��
 %?��� 3� ��#7� �  !����  )	>�; 0�4	�(�∀
)  %?& )���5 !��� %?���(∀
)�   �(�� .�#� � �#H

�$� 6#.� B�	� ��J t#^� �� BK�  ^ !��
1$� %@#� B�	4 �I� �� �%� �1LN� � %�7  .�(4	�
 3� BK� ��� w�hD� 	����  ���� �1���h< ����M %�  E&����	(< �� T�	(�� 3� ��#�  !	( 

.��& o	�1"� ��	
� ��� �� )�4 t���  
  

�� ���� ��
 

1 .:�$� ��3 -�#K �� E&����	< %?K� -�#K 

Unless you know this statement to be false, you will have a test tomorrow, but you can’t 

know from this statement that you will have a test tomorrow. 
2 .:�$� ��3 -�#K �� E&����	< %?K� -�#K  

This statement is known to be false 
3 .:�$� ��3 -�#K �� E&����	< %?K� -�#K  

Nobody knows this statement to be true 
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4 . �� E&����	< %?K� -�#K:�$� ��3 -�#K  
You will have a test tomorrow, but you can’t know from this statement that you will have 

a test tomorrow 
5 .��?D�%  ��[28] ?8�� (? ��	(R� %  ��� �(k��� � �($� ) 1�� �(S  (1��5 �($� �   �(& E&����	(<   �	(81��

��J )�I1��  �#(� E&����	(< )��#�	H �	7  3� (Moore’s Paradox)   ��(� .�($�!   /.��(� �(8�  �(� 0
6j�1$� �#&��  ��[9] ��� �& �+"�����.  
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