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Abstract 

Intuitionistic logic is a non-classical logic obtained by omitting the axiom of excluded 

middle from classical logic.  This logic was created by philosophical motivation towards 

the foundation of mathematics. There are several semantics for intuitionistic logic (such as 

Kripke semantics, neighborhood semantics and topological semantics) that are sound and 

complete. In this paper, we first present two new neighborhood semantics for  propositional 

intuitionistic logic (IPC). Then we establish soundness and completeness of IPC with 

respect to these new neighborhood semantics.  The relation between neighborhood and 

topological semantics are also investigated. One of these new  neighborhood semantics  is 

introduced with  a somewhat more complex definition than the usual neighborhood 

semantics which  was introduced before. This semantics is called NB-neighborhood 

semantics. In order to establish completeness with respect to NB-neighborhood semantics 

for IPC, first we need to introduce a system WF of  subintuitionistic logic, weaker than  

Corsi's basic subintuitionistic system F. 
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P,� ⊩ �  7P,� ⊩ �+  
4 .P,� ⊩ � ∨ �	  ��
 %	�6 7 ��
P,� ⊩ � P,� ⊩ �	%3+  
5 .P,� ⊩ � → �  ��
 %	�6 7 ��
∈ H(�) SN ∈ "TN ⊮ �	%3	N ⊩ �U.  

 �e�.02.10 .� ⊩ ⌐�  ��
 %	�6 7 ��
∈ H(�) ;N ∈ "|N ⊮ �	?.  
 �1�3
 �< �=�6 %<D(�) = ;� ∈ "|� ⊩ �? :E3�
� 
� �3� E$  

 E$2.11 ��
 .P,� ⊩ �   �%80@D(�) ∈ H(�).  
 g%|�2.12 (��� x�I ." = ;�
, �	? O%	= �j�:e�   7 (�
%< %;   g(�� �83%�9:; u<%�6 

P = 〈",H, D〉 �� ,3�*6 �6��! �< 
� �� E��� H(�
) = ;"?  7H(�	) = V", ;�	?W .
E����� x���I g%��� D(�) = ;�	? . ���

� E�;
���D g(��� ���< ���=�6 %��< A����! C��3
 �� 
P,�
 	⊮ �˅⌐� 
�3� +�
 ∉ V(p)  7;N ∈ "|N ⊮ �?= ;�
? ∉ H(�
).  

 ,3�*62.13 . �j�:e� %< �123�� g(� �3 7 �83%9:; g(� �3O%	=   �%�; 
� O%�913 
 E�3�� ���0 �< ���0 ��
 E; �; �� �%��;�0%	= g(� C3
 �
 g���I +%;    ����� �0%�913 �%;

�
%<.(  
 ��>?2.14 .  ��123�� g(�� �; �
�< 〈",≤,⊩	〉    g7
 �83%�9:; g(�� ��3 〈",H, D〉 

E; g(� 7� C3
 �� ���" �< ��
� ��=7 �
(�.9; ���0 �< ���0 �.  
 ��>?2.15 .   �83%�9:; g(�� ��; �
�<   g7
 〈",H, D〉     ��123�� g(�� ��3〈",≤,⊩	〉 

E; g(� 7� C3
 �� ���" �< +��
� ��=7 (�.9; ���0 �< ���0 ��
.  
 ��>?2.16 (���%:6) .Γ ⊩ �  ��
 %	�6 7 ��
Γ ⊢ �.  

��<
��3� �%3%>?  7 g7
 �83%9:; ��%�
%�*� C�< ��� O%�< 
� �134�$�5�6 (���.  
 ����>?2.17 .�7�(0%��91$
 �%��>I ���; �
���< 〈., [〉  7D:	ℙ ⟶ Φ �83%��9:; g(��� 
〈",H, D〉 E; g(� 7� C3
 �� ���" �< ��
� ��=7 (�.9; ���0 �< ���0 ��
.  
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 ��>?2.18 . �83%�9:; g(� �; �
�< P = 〈.,H, D〉   �7�(0%�91$
 �%�>I 〈., [〉   %�<
��
�8
��
 D �
� ��=7���" �< � E; �� %< ���0 �< ���0 ��
 P ��      ��; �
��< ���*3) (�
%<

g���I �	  7B	 ∈ . :B ∈ D(�)  ��
 %	�6 7 ��
(P, B ⊩ � .  
u=�� �< t/< C3
 �< u=
� �.P�< A%�3�= �
�< �����) [3] .��
 k%=�
 (  

  
3 .(�� �)*�+,� ���������  ��
�IPC 

 �83%9:; ��%�
%�*� t/< C3
 ��   ��
��� ���	�
 ����� �
�< R7�  �
  ��I�*� 
�  7 �����
 A%B&
 
� ��%�
%�*� C3
 �< �B90 ���	
 ���� ���%:6 7 �.��� �%3%>? F2��� E��� .            

 ,3�*63.1  (R7� �83%�9:; w%?) .   �83%�9:; w%�?R7�  �
��< IPC    �
 ���
 A�%�Bj
7� �3%6 〈\,]〉 �< ���" �� \ O%	= �
 �	6%0 �j�:e� �3  7 %;]:\ ⟶ 2	\    u<%�6 ��3

�< ��
 �83%9:; �; �
�< �� ���" � ∈ \:  
1 . ��
� ��=7. ∈ 	](�) ���" �<  ��� ∈ .+  
2 . �; �
�<. ∈ 	](�)  7B	 ∈ . +](B) ⊆ ](�). 

 ,3�*63.2(R7� �83%9:; g(�) . �83%9:; g(�  R7� �� %6 �3ℳ = 〈\,], D〉   ���

O@ �� �� 〈\,]〉  7 �83%9:; w%? �3D: # → 2\ ��
 ��
�8
��
 u<%6  ��<  ����"   ���
�; �
�< � ∈ "   7� ∈ ℙ  ��
� ∈ D(�) �; �
�< �%80@ +.	 ∈ 	](�) +. ⊆ D(�) .  

 ,3�*63.3 (R7� �83%9:; g(� �� �.���) .ℳ = 〈\,], V〉   R7� �83%�9:; g(� 
�
�� �
�? �;
�/$� g���I O��< ���� ,3�*6 .E�;� �   ��$%� �� � ∈ \    g(�� ��ℳ   ��<

�� ,3�*6 �3� �3
��.�
 A��! ��
:  
1.,ℳ,� ⊩ �  ��
 %	�6 7 ��
� ∈ D(�)+  
2 .ℳ,� ⊮⊥+  
3 .ℳ,� ⊩ � ∧ �  ��
 %	�6 7 ��
ℳ,� ⊩ �  7ℳ,� ⊩ �+  
4 .ℳ,� ⊩ � ∨ �	  ��
 %	�6 7 ��
ℳ,� ⊩ �  %3ℳ,� ⊩ �+  
5 .ℳ,� ⊩ � → �   ��; �
�
 �< ��
 %	�6 7 ��
.	 ∈ 	](�)  ���
 +. ⊆ D(�)   �%�80@

. ⊆ D(�) . 

 �e�.03.4 .� ⊮ ⌐�       (�
%< �.�

� ���=7 ���
 %�	�6 7 ��
.	 ∈ 	](�)   ��<  ����"   ���
. ⊆ D(�)  7. ≠ ∅.  
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 E$3.5 ��
 .� ⊩ �  �; �
�
 �< �%80@.	 ∈ 	](�)  E3�
�. ⊆ D(�).  
 .A%B&

��.�
 %< ��(�G�5 �7� { � ��P�� A%B&
 ���%� �<.  

 g%|�3.6 (��� x�I .\ = ;�
, �	? O%	= �j�:e�      g(�� �83%�9:; u<%�6 7 (�
%< %�; 
ℳ = 〈\,], D〉    ����� ,���3�*6 �6�����! ����< 
�  ����� E������ ](�	) = V;�	?W  7

](�
) = V", ;�	?W x�I %< .D(�) = ;�	? �� ��
 }M
7 +ℳ,�
 	⊮ �˅⌐�. 

 g%|�3.7 (��� x�I .\ = ;�_, �
, �	? O%	= �j�:e�  �83%9:; u<%6 7 (
%< %; g(�� 

ℳ = 〈\,], D〉   ��� ,�3�*6 �6��! �< 
�   �� E���� �+	](�0) = a", ;�1?+	;�2?c 

](�
) = V;�
?W  7](�	) = V;�	?W  x�����I %����< .	D(�) = ;�	?  7D(d) = ;�	? +

��  �� �I�� �e�.0 O
�6ℳ,�_ 	⊮ ⌐(�˄d) → (⌐�˅⌐d).  

�� �123�� g(� �; �
�< �� �
� E�;
�D O%P0 ��
�
 ��      R7� �83%�9:; g(�� ��3 O
��6
 �< ��� 
(�5E; g(� 7� C3
 �� ���" (�
%< ���0 �< ���0 ��
.  
 ��>?3.8 .   ��123�� g(�� ��; �
�< 〈\,≤, D	〉     �83%�9:; g(�� ��3 R7�〈\,], D〉 

E; g(� 7� C3
 �� ���" �< ��
� ��=7 (�.9; ���0 �< ���0 ��
.  
 .A%B&
�123�� g(� ℳe = 〈",≤, D	〉 �� �c0 �� 
� 7 E3���     ��; �
�< � ∈ \ +](�) 

�� ,3�*6 �3� A��! �< 
� :E���  
f(�) = ;N ∈ 	\	|	� ≤ N? 
](�) = ;.	|	. ⊆ f(�)?. 

� E�;� O%P0 �.93%< 
(.<
 �〈\,], D〉 ℳ] =   ���
 R7� �83%�9:; g(� �3 .   �
��<  
��c�� C3
 ,3�*6 �B" + 3.2 +�; �
�< �� E�;� O%P0 �.93%< � ∈ \:  

1 . ��
� ��=7. ∈ 	](�) ���" �<  ��� ∈ .+  
2 . �; �
�<. ∈ 	](�)  7B	 ∈ . +](B) ⊆ ](�)+  
3 . ��
� ∈ D(�) �; �
�< �%80@ +.	 ∈ 	](�) +. ⊆ D(�) .  
%<  O��< ��%1*0
 �< �=�6 ≤ ~�
   1 .��
 �
�?�< ��M7 �<  

   ~��
 ��
��?�< O�
� O%�P0 �
�<    2 +  (���� x��I . ∈ 	](�)  7B	 ∈ . . �%�80@     ��B"
,3�*6 ](�) E3�
� +� ≤ B 7    ��e�.0 �� f(B) ⊆ f(�) .   E���� x��I g%�� Y ∈ ](x) +
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 �%��80@M ⊆ f(B)  ���e�.0 �� 7M ⊆ f(�) .���� ���e�.0 
���$ ���� E3����� M ∈ ](�) ����*3 +
](B) ⊆ ](�).  

~�
 ��
�?�< O�
� O%P0 �
�<    3 +E��� x�I � ∈ D(�)  7.	 ∈ 	](�)  ���
 .+. = ∅ 
�:0 �?%< A%B&
 �
�< ���) �%80@ (0%�.    �� C�3
 ���     E���� x��I A���! B ∈ . + 
��$    ��B"

,3�*6 ](�) E3�
� +� ≤ B .       ���	�
 ����� �
��< ��123�� g(�� ,�3�*6 �<%�< �e�.0 ��
E3�
� B ∈ D(�) ��*3 +. ⊆ D(�).  

�� ��� E�;
�D O%P0 g%� ℳe  7ℳ] E;   (�.�9; ����0 �< ���0 ��
.     {
��.��
 %�< A%�B&

g���I ��(�G�5 �7�  ��� R%e0
 %;  .���
  ��-��� ��    �"��
 ��$%� +{
��.��
 � � → �   
�

�� ����< �� x�I .(�.9; ��%� ��
�� ���< A%B&
 +E��� (�ℳe, �	 ⊩ � → �    O%�P0 �.�93%<
�� E�;� ℳ] , �	 ⊩ � → � .E��� x�I ��c�� C3
 �
�< . ∈ 	](�)  7. ⊆ D(�) . ��B"  
,3�*6 ](�) �; �
�< +N ∈ .  E3�
�� ≤ N   7ℳ] , N	 ⊩ � .   x��I 7 x��I �B" �%80@
{
��.�
      +  ; �
�< �N ∈ .  E3�
�ℳe, N	 ⊩ � .�� �e�.0 {
��.�
 x�I �B" ��%<7�   ��� E3���� 

. ⊆ D(�)  7ℳ] , �	 ⊩ � → � .  
��� x�I g%� (ℳ] , �	 ⊩ � → � + ��� E�;� O%P0 �.93%< ℳe, �	 ⊩ � → � .  x��I

 (���� � ≤ N   7ℳe, N	 ⊩ � +   ,�3�*6 ��B" �%�80@ ](�)  E�3�
� +;N? ∈ ](�) .  �
 g%��
   E��3�
� {
��.���
 x���I ���B" ���� �3%��e0@ ;N?⊆ D(�) 
���$ +;N?⊆ D(�) ���e�.0 �� .

ℳe, N	 ⊩ � ��*3 +ℳe, �	 ⊩ � → � .  
 g����I �:; ��
   �� ���=�� �%�; M  ���      ��� �%�80@ (��
%< �����   E��93�0� ⊩ i .

�� C��G:; E�93�0A  i ⊩ +     �83%�9:; g(�� ��; �
��< ���
   R7� 〈\,], D〉    ��; �
��< 7
� ∈ \  ��
� ⊩ i  �%80@� ⊩ �.  

 ��>?3.9 (�.���) .i ⊢ �  ��
 %	�6 7 ��
i ⊩ �.  
 .A%B&
      ����� f��I .���
 d%.�.��
 ��(��G�5 �7� {
��.��
 %< A%B&
 (→ j)   �����< 
�

�;
�D.��� E  
(→ j) �; �
�< +{
��.�
 x�I �B" N ∈ \ ��
 +N ⊩ i   �%80@	N ⊩ � 7N	 ⊩ � → � .
 (��� x�I� ⊩ i +��! C3
 �� AE3�
� {
��.�
 x�I �B" � ⊩ �   E$ �B" 7 3.5 +  ��e�.0

�� �; �
�
 �< �� E3��� . ∈ 	](�) +. ⊆ D(�) . ��� {
��.�
 x�I �
 ��%<7�    ��e�.0 O
��6
�; �
�< �� �I�� . ∈ 	](�) +. ⊆ D(�) .��   ,3�*6 �B" �3%	0 3.1 +� ⊩ �.  
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 E$3.10 ��
 .Γ	⊬ �    R7� �83%�9:; g(�� �%80@ 〈\,], D〉  7� ∈ \    ��< ��� ���=7
 �� ���"� ⊩ i  7� ⊮ �.  

 ��
 .A%B&
Γ	⊬ �     E�$ ��B" �%�80@2.2 +   ���	�
 ��123�� g(�� 〈\,≤, D	〉  7� ∈ \ 
���" �< ��
 ��=�� �� � ⊩ i  7� ⊮ � .  ���>? ��B" g%� � 3.8 +  R7� �83%�9:; g(�� 

〈\,], D	〉  7� ∈ \ ��
 ��=��  �<���" �� � ⊩ i  7� ⊮ �.  
�� ���%� �< g%� �� �
� O%P0 O
�6  IPC    ����%:6 R7� �83%�9:; ��%�
%�*� �< �B90

��
�.  
 ��>?3.11 (���%:6) .i ⊩ �  ��
 %	�6 7 ��
i ⊢ �.  

 ��
 .A%B&
Γ	⊬ �  E$ �B" �%80@3.10 +R7� �83%9:; g(� 〈\,], D〉  7� ∈ \  ��=7
 �� ���" �< ���� ⊩ i  7� ⊮ �  +�e�.0 ��i ⊮ �.  

 ��>?3.12 .  �83%�9:; g(� �; �
�<R7� 〈\,], D〉 �3 +  ��123�� g(�� � 〈\,≤, D	〉  
��
� ��=7+ E; g(� 7� C3
 �� ���" �< (�.9; ���0 �< ���0 ��
.  
 .A%B&
  (���� x��I 〈\,], D〉 ℳ] =    R7� �83%�9:; g(�� ��3   �
��<IPC   .(�
%<

��<
� � ≤  �7� 
�\×\  �3� A��! �<�� ,3�*6 E���  :  
� ≤ N		 ⟺ 		∃. ∈ ](�)		m. 9.			N ∈ . 

�� �
� E�;
�D O%P0 
(.<
 ℳe = 〈",≤, D	〉   g(�� ,3�*6 �B" .��
 �123�� g(� �3
�� ��
 �	3(< R7� �83%9:; ≤ ��
 ��%1*0
  .  

E��� x�I g%� � ≤ n  7n ≤ o .��
� ��=7 A��! C3
 �� .
 ∈ ](�) �< ���"   ���
n ∈ .
  7 ����=7��
� .	 ∈ ](n)  ���< �����"  ����o ∈ .	 E��3�
� .](n) ⊆ ](�)  
���$ +

.	 ∈ ](�)  7o ∈ .	 �e�.0 �� .� ≤ o  ��<
� 7≤ .��
 �(*6  
(��� x�I ℳe, �	 ⊩ �   7� ≤ n �; �
�< 
�$ +. ∈ ](�)	 +. ⊆ D(�)  ���  �
%<.(  �


��
� ��=7 +x�I �B" �I�" M ∈ ](�) �< ���"  ��n ∈ M �e�.0 �� .ℳe, �	 ⊩ �  .  
g���I ��(�G�5 �7� {
��.�
 %< �3%	0 �� �� %;    ��� �
� O%�P0 O
��6 ℳ]  7ℳe  E�;  ��


(�.9; ���0 �< ���0  .  
  
1.3 �8*G���
�. �'��1���� �- <�*�!� %� ��� ��*���� �'��1����  
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��<
� t/< C3
 ��   O%�P0 7 ���� ����< 
� �134�$�5�6 7 R7� �83%9:; ��%�
%�*� C�< �
�;
�D�%>I �7� n�%�� g(� �; �
�< �� �
� E      R7� �83%�9:; g(�� ��3 +�7�(0%�91$


E; g(� 7� C3
 �� ���" �< +��
� ��=7    g(�� ��; �
�< C��G:; 7 (�.9; ���0 �< ���0 ��

�� R7� �83%9:; O
�6     ��< ���� 
(��5 S%D �7�(0%91$
 �%>I �3 �7� n�%�� g(� �3

E; g(� 7� C3
 �� ���" ��0 �< ���0 ��
�
%< �  .(  
 ��>?3.13 . �7�(0%�91$
 �%>I �; �
�< 〈., [〉  7D:	ℙ ⟶ [   83%�9:; g(�� R7� �
〈\,], V〉 E; g(� 7� C3
 �� ���" �< ��
� ��=7 (�.9; ���0 �< ���0 ��
  .  
 .A%B&
(��� x�I 〈., [〉  ��; �
�< �%80@ +(
%< �7�(0%91$
 �%>I +B ∈ . +]p(B)  
�

�� ,3�*6 �3� A��! �< :E���  
Cq = ⋂;r ∈ [		|	B ∈ [? 

]p(B) = ;M ∈ [		|			M ⊆ 	Cq		?. 
�� +�83%9:; u<%6 �
�< ,3�*6 C3
 %<   ��� ���� �<%& O
�6 ]p   ,�3�*6 f3
��
 �� 3.1 +

�e�.0 �� 7 (�1�� �(! 〈.,]p , D	〉      ���
 ���	�
 ����� �
��< �83%�9:; g(� �3.  ��
g���I ��(�G�5 �7� {
��.�
 %< �3%	0 �� A%B&
 %;  �� ��
�7�(0%91$
 �%>I  〈., [〉 +  %�<

��
�8
��
 D �83%9:; g(� 7 〈.,]p , D	〉 +E; (�.9; ���0 �< ���0 ��
.  
��>? F1j ��
�
 �� ��� E�;
�D A%B&
 
� i%< �.  

 ��>?3.14 .�83%9:; g(� �; �
�<  R7�〈X,], V〉   �7�(0%�91$
 �%�>I 〈., []〉   %�<
��
�8
��
 D ��
� ��=7  ��" �< ��
� ��=7    E�; g(�� 7� C�3
 ��� ��    ����0 ��< ����0 ��
 

�� .(�
%<  
 .A%B&
��
 �I%� A%B&
 �
�< []  
�E��� ,3�*6 �3� A��! �<  :  

[] = VC ∈ s(.)		t			∀B ∈ C, ∀M	 ∈ ](B), M ⊆ CW. 
  

4 . ���������NB -�)*�+,�  

��%�
%�*� �I�*� �
�< NB - �83%9:;   �
��< ����%:6 ���>? A%B&
 7 IPC     C�3
 ��< �B�90
 ���	�
�3� ���� %6 E3�
� �%�0 
(.<
 +(3(= ��%�
%�*� WF  ��I�*� 
�    7 ,3�%�*6 ��D�< 7

.E��� O%�< 
� ���� C3
 �
�< ���%:6 ��N? A%B&
 �< ~�<�� �%3%>?  
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1.4  $��/1�*) ����WF 

���� O%<�  WF ��
�� ���� O%<� O%:; ��*3 ���	
 �
 ;˅, ˄,→,⊺, ⊥? .��
  
 ,3�*64.1 w%?) .NB -��  (�83%9:;  �3%6v = 〈W, g, NB〉  w%? �3NB -  �83%�9:;

�� �(��%0 ���	
�3� ���� �� �6��! �� ��
 W    �
 �	6%�0 ��j�:e� �3    O%�	=  7 %�; NB 
�
 �83%9:; u<%6 �3 W  �<1((1("))	  �
 ��c��) (
%<1(")   �0
��6 �j�:e�W   (���


�< ���" :��  
1 .�; �
�
 �< � ∈ "  �., M	 ∈ 1(") ���
 	. ⊆ M  ����I(., M) ∈ H�(�)�  
2 .H�(z) = ;(., M) ∈ (1(")	)|. ⊆ M?. 

 O%	=z  ��!%D  �$� �< 
�2 �� g�:
 O%	= .E��%0  
 ,3�*64.2 g(�) .NB - g(�  (�83%9:;NB - �83%9:; ���	�
 �3� ����+  �3%�6�%	) 

{ = 〈", z, H�, D〉 ���
O@ �� ���� � 〈", z, H�〉   w%��? ���3NB - �83%��9:; ������
���	
�3�  7 ��
D: # → 2Q ��
 ��
�8
��
 u<%6.  
 ,3�*64.3 (�.���) .  (���� x��I { = 〈", z, H�, D〉    g(�� ��3NB -  7 �83%�9:;
� ∈ " (
%< .g���I �.��� � �$%� ��� ∈ "    g(�� ��{      ��3� �3
��.��
 A���! ��<

�� ,3�*6 ��
  :  
1 .{,� ⊩ � ��
 %	�6 7 ��
� ∈ D(�)+  
2 .{,� ⊮⊥+  
3 .{,� ⊩ � ∧ �  ��
 %	�6 7 ��
{,� ⊩ �  7{,� ⊩ �+  
4.	{, � ⊩ � ∨ �	  ��
 %	�6 7 ��
{,� ⊩ � {,� ⊩ �	%3+  
5 .{,� ⊩ � → �  ��
 %	�6 7 ��
(D(�), D(�)) ∈ H�(�). 

 ,3�*64.4 g���I .A  g(� ��{ = 〈", z, H�, D〉   +���
 ����{ ⊩ �   �
��< ���
 +
 �;� ∈ " +{,� ⊩ � �:; ��
 7 g(� � %; A 
� +(��� r�I �� E�93�0 ⊩ �  ��� 7  E�3��� 

A .��
 �B.*�  
 ,3�*64.5 g���I .A  w%? �7�v = 〈", z, H�〉  +��
 �B.*�v ⊩ � +  ��; �
�
 �< ��


g(� {  �7�v +{ ⊩ � .�� E�93�0 { ⊩ Γ +�; �
�< ��
 � ∈ i +{ ⊩ �.  
 ,3�*64.6 .WF  !
 �
 �(
 ,3�*6 ���� ��
 �3� C�0
�? 7 %;:  

1 .� → �˅�                                   8. �								�→
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2 .� → �˅�                                   9 .�

→�     

3 .�˄� → �                                  10 .�						

�˄
          

4 .�˄� → �                                  11 .�→
						�→�
�→
˄�  

5. � → �                                     12 .�→�			
→�
�˅
→�  

6. ⊥→ �                                     13 .�→
				
→�
�→�  

7 .�˄(�˅�) → (�˄�)˅(�˄�)         14 .�↔
					�⟷~
(�→�)↔(
→~)  

��>? O�
� O%P0 �
�<  ���%:6 ����� �
�< WF E$ 7 ,3�%*6 �< �%�0    �� ��� E�3�
� �3%;
�D
��5 E�;
�D %	0@ O%�< �< ��
�
.  

 ,3�*64.7 .�j�:e� A�:= �
 �
 ∆ �3�c0 �3 +(
%< �
�?�< �3� f3
�
 �%��; ��
:  
1 . ��
�, � ∈ Δ  �%80@�˄� ∈ Δ+  
2 . ��
⊢ � → �   7� ∈ Δ  �%80@� ∈ Δ+  
3 . ��
⊢ �  �%80@� ∈ ∆. 

 ,3�*64.8  .�� E�93�0 Γ ⊢ � +    �
��< d%.�.��
 ��3 �%���; �  �
Γ   �%3%�>? 7WF   %�<

C�0
�? �
 ��%K.�
 �					

�˄
  7�				�→



   ��� ~��
 C3
 %< +(
%< �.

� ��=7 � → �  ��WF  A%�B&
  

(
%< �3�5 (⊢ � → �).  

�� E�93�0 Γ ⊩ � �%��; +�; �
�< {   ��; 7� ∈ {  ���
 +{,�	 ⊩ Γ   �%�80@{,�	 ⊩
�.  

 ��
��4.9 .∆ ��
 %	�6 7 ��
 ��
 �3�c0 �3 ∆ ⊢ � E;  ��
 � ∈ Δ   .(
%<  
 ,3�*64.10 .A�:= �j�:e�  ∆  ��
 �10%�) +E�3�� g7
 
��˅� ∈ Δ �%80@ +� ∈ Δ    %�3

� ∈ Δ.  
 ,3�*64.11 .(��� x�I "Q� �j�:e� �:; � �3�c0 � 7 g7
 �%; �   +(�
%< g���I �3

�j�:e� �%80@ � ∥ � ∥ �� ,3�*6 �3� A��! �< 
� E���:  
∥ � ∥= ;Δ	|	Δ ∈ ""�, � ∈ Δ		?. 

 ,3�*64.12 g(� .{Q� = 〈"Q� , z, H�Q� , D〉 �
�< �0�0%� g(� 
� +WF    ��< 7 �(���%0
�� ,3�*6 �3� A��! E���:  
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1 .�j�:e� �%3%>? �  WF  g�:
 O%	= +
�z �� �
�? E�;�.  
2 .��������; �
�
 ��������< Γ ∈ "Q� ��������:; 7  �g����������I �%�������; �  7�+ 

H�Q�(Γ) = ;(∥ � ∥, ∥ � ∥)			|		� → � ∈ Γ?+  
3 . �K�� ∈ ℙ ����I �D(�) =∥ � ∥= ;	Γ	|		Γ ∈ "Q� 		, � ∈ Γ	?. 

 �
�< �0�0%� g(� �
 ��%K.�
 %<WF  �
�< ���%:6 ��>?WF �� A%B&
 .��
  
 ��>?4.13 ���� .WF w%? r�� �< �B90 �%; NB - �83%9:;��
 R%:6 7 ����.  

 ,3�*64.14 .w%? �; �
�< NB - �83%9:;v = 〈W, g, NB〉 +��Q37 �>*<   fB6��� �%;
�� ,3�*6 �3� A��! �< 
� E��� (., M, r	 ∈ 1("))+  

1 .v  z
�.

 �V6�; �
�< ��
 %	�6 7 ��
 ��
 �.9< � ∈ "  ���
 +(., M) ∈ H�(�) +
(., r) ∈ H�(�)  �%80@(., M ∩ r) ∈ H�(�).  

2 .v  k%:.=
 �V67 ��
 ��
 �.9<  ��; �
�< ��
 %	�6 � ∈ "  ���
 +(., M) ∈ H�(�) +
(r, M) ∈ H�(�)  �%80@(. ∪ r, M) ∈ H�(�).  

3 .v f3
���
 ��  �(��*6�(��! ����   ���; �
���< ����
 %��	�6 7 ����
 (���� � ∈ " ����
 +
(., M) ∈ H�(�) +(M, r) ∈ H�(�)  �%80@(., r) ∈ H�(�). 

�� �c0 �� 
� �3� g�!
 ��
�
 �� E3���:  
(�)     (� → �) ∧ (� → �) → (� → � ∧ �)  

���      (� → �) ∧ (� → �) → (� ∨ � → �)  

�ℐ�      (� → �) ∧ (� → �) → (� → �)  
 E$4.15 ��
 (,$
) .WF� ⊆ ℒ �%80@ +���� �0�0%� g(� ℒ.��
 �.9< z
�.

 �V6 +  

 ��
 (w)WF� ⊆ ℒ �%80@ +���� �0�0%� g(� ℒ.��
 �.9< k%:.=
 �V6 +  
 ��
 (�)WFℐ ⊆ ℒ �%80@ + �0�0%� g(����� ℒ�� �(! �(*6 f3
�
 �� + .(��  

��
 �� E�
%< �.

� �=�6 Γ ⊆ V�,�, ℐ	W  �%80@WFΓ      O���� �I%�M
 �
 ��� ���
 �����
 !
 Γ  ���� �<WF ��
 �(�@ ��� �<.  

  ���>?4.16  ���
 .i ⊆ V�, �, ℐ	W   �%�80@WFΓ      w%�? �
 ����� ��< �B�90  �%�;  NB -
 �83%9:;��Q37 %<  g�!
 �< �(
 ��
� �B90 �%;�� ��=�� i ��
 R%:6 7 ����.  

���	��
�3� ������ F  ������ f����6)Giovanna Corsi (g%��� ��   1987  ������)[1] (
g%.�� F2� +(
 �I�*�)Greg Restall g%� �� (1994  g%.��)[4] (�%8.�� SJ    �<%�P� ��� 
�
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�%8.�� F �� ��� �I�*� 
� (
%<.  �%8.��F g���I A%B&
 �3%0
�6   (��0%� �3%�; � → (� → �) 
 .��
(0 
�F g���I �
 �j�:e� C3�.1)��    ����P0%= ��V6 �.�9< �%;  %�; � WF +� +�  7ℐ 

 .��
��>? � 4.15 +�� O%P0  ����� �� (;� F    ���%�
%�*� ��< �B�90 NB -  �83%�9:;  ���
�� �(! �(*6 f3
�
 �� 7 ��
 �.9< z
�.

 7 k%:.=
 �V6 ��
� ���%:6 7 �.��� (��.  

�< u=
� �.P�< A%�3�= �
�< ���� WF  ��
�(:V���
) u=�� �<[5] (��
 k%=�
.  
  
2.4 NB - $��- ��*����IPC 

 ,3�*64.17 .w%? �; �
�< NB - �83%9:;v = 〈", z, H�〉 +��Q37 �>*<   
� fB6��� �%;
�� ,3�*6 �3� A��! �< E��� (., M, r	 ∈ 1("))+  

1 .v ���� �(��! ����%1*0
 f3
���
 ��  (�������; �
���< ����
 %��	�6 7 ����
 � ∈ " ����
 +
(., M) ∈ H�(�)  7� ∈ .   �%80@� ∈ M.  

2 .v   �K� �V6�; �
�< ��
 %	�6 7 ��
 ��
 �.9< � ∈ "  ���
 +� ∈ .     �
��< �%�80@
�;M	 +(M, .) ∈ H�(�).  

3 .v  O�7�I
 �V6��
 �.9<  ��; �
�< ��
 %	�6 7 ��
 � ∈ "  ���
 +(., M) ∈ H�(�) 
 �; �
�< �%80@r+ 

(;n|(M, r) ∈ H�(n)?, ;n|(., r) ∈ H�(n)?) ∈ H�(�). 
 E$4.18 g���I (,$
) .�˄(� → d) → d ����
 � w%? �%; v = 〈", z, H�〉  �� �� 
�

�� �(! ��%1*0
 ~�
 �� �/P� 
� (��� (��.  
 g���I (w)� → (d → �) ����
 �  w%�?  �%�; v = 〈", z, H�〉     ��K� ��V6 ��� 
�

�� �/P� 
� (�.9; �.9< (��.  
 g���I (�)(� → d) → ((d → �) → (� → �)) ����
 � w%?  �%�; v = 〈W, g, NB〉 

 �V6 �� 
�O�7�I
 �� �/P� 
� (�.9; �.9< (��.  
 .A%B&
�:9? A%B&
 �< f�I  (w)�� (�.9; C�:; �<%P� ��
�� �3%� A%B&
 +E3�
��5.  
I (w)(��� x� v  7 (�
%< �.9< �K� �V6 { = 〈", z, H�, D〉    �7� �
��/$� �$(��

 �.93%< .(
%< w%? C3
�; �
�< E��� �<%& � ∈ "+  
(D(�), D(d → �)) ∈ H�(�). 
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�� E�;� O%P0 ��
 �I%� ��c�� C3
 �
�< D(�) ⊆ D(d → �) .  (���� x��I � ∈ "  7
{,� ⊩ ��%80@ + � ∈ D(�) .      ��; �
��< 
��$ +���
 �.�9< ��K� �V6 w%? x�I �B"  M 

 E3�
��M, D(�)� ∈ H�(�)  ��e�.0 �� .�D(d), D(�)� ∈ H�(�)  ���*3 +� ⊩ d → � .  
��$
w%? ,3�*6 �B" �%; NB - �83%9:;�; �
�< � ∈ " +(D(�), D(d → �)) ∈ H�(�).  

�� ��%K.�
 U?%�6 �
 �83� �	= A%B&
 �
�<    �.�9< ��K� �V6 r�� (��� x�I .E���
w%? ��
� ��=7 �%80@ .(
%B0 v  (�0%� �0%	= 7	��	� v ���" �<  ��� � ∈ . +M	 ∈ 1(")  7

(M, .) ∉ H(�) .��
�8��
��
 u<%��6  D  w%��? �7�v ���� ���c0 �� �����" 
� ���� E3����� 
D(�) = .  7D(d) = M .�

� E�;
�D A��! C3
 ��  : 

� ∈ D(�) 				⟹ 					� ⊩ � 

(D(�), D(d)) ∉ H�(�) 			⟹ 			� ⊮ � → d 
 C3
�<%����<D(�) ⊈ D(d → �) .w%���? ,���3�*6 ����B" �%���80@ �%���; NB - �83%���9:;

z ⊮ �˄(� → d) → d   �e�.0 �� 7v ⊮ �˄(� → d) → d.  
�� �c0 �� 
� �3� g�!
 %	.0
 �� E3���:  

 )ℋ   (� → (� → �)  
)ℛ    (� ∧ (� → �) → �  

)�   ((� → �) → ((� → �) → (� → �))  
 E$4.19 ��
 (,$
) .WFℋ ⊆ ℒ �%80@ +���� �0�0%� g(� ℒ.��
 �.9< �K� �V6 +  

 ��
 (w)WF� ⊆ ℒ �%80@ +���� �0�0%� g(� ℒ.��
 �.9< O�7�I
 �V6 +  
 ��
 (�)WFℛ ⊆ ℒ �%80@ +���� �0�0%� g(� ℒ +�� �(! ��%1*0
 ~�
 �� (��.  

 .A%B&
�:9? A%B&
 �< f�I  (,$
)�� (�.9; C�:; �<%P� ��
�� �3%� A%B&
 +E3�
��5.  
 (,$
)�0�0%� g(� �� (��� x�I  ,3�*6)4.12( ���� ℒ E�
%< �.

� Γ ∈∥ � ∥ .  �%�80@

,3�*6 �B" 4.11 +� ∈ Γ.  
%K.�
 %< �e�.0 �� �
 ��)  !
ℋ �; �
�< (� �

� E�;
�D � → � ∈ Γ . A��! C3
 ��

�� �e�.0  ��; �
�< �� E3��� ∥ � ∥ +(∥ � ∥, ∥ � ∥) ∈ H�(i).   C3
�<%��<NB    ��K� ��V6
��
 �.9<.  
 ��>?4.20  ���
 .Γ ⊆ Vℋ, ℛ,�	W   �%�80@WFΓ      w%�? �
 ����� ��< �B�90  �%�; NB -

 �83%9:;��Q37 %< ��
� �B90 �%; �� ��=�� g�!
 �< �(
 i ���� ��
 R%:6 7. 
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 .A%B&
E$ �B" A%B&
 4.19 +��
 �	3(<.  
 g%.��) �$%�� �B"[4] ( ���	�
 ���� IPC    g����I �
 ��j�:e� C3�.1)���    �.�9< �%�;

���P0%= �V6 %; � �,ℋ, 7�  7ℛ  .M'�  
 �e�.04.21 .IPC   w%�? �
 ����� �< �B90  %�;�  NB -  �83%�9:;    +z
�.�

 ��V6 ���

k%:.=
7 �K� + 7 (�.9; �.9< O�7�I
  ��  
~�
 �� �(! �(*6 7 ��%1*0
 (�.9; R%:6 7 ���� (���.  

 .A%B&
�B" A%B&
 �%3%>? 4.16  74.20 ��
 �	3(<.  
  

5 .$0��1 �
�2 

 ���%�
%�*� 
(.<
 �$%�� C3
 ��        ����� �
��< g7
 �83%�9:; 7 �134��$�5�6  +��123�� �%�;
 ���	
(IPC)      
� ���< �(�
 A%�B&
 %�	0@ �
�< ���%:6 7 �.��� �%3%>? 7 �I�*� �B? �� 
�

��%�
%�*� F2� .E3��� O%�<      7 R7� �83%�9:; ���%�
%�*� C37%��j %�< �(3(= �%;NB -
   C�3
 ��< �B90 
� ���%:6 7 �.��� �%3%>? 7 ���� �I�*� ���	
 ���� �
�< 
� �83%9:;

��%�
%�*�   .E3��� A%B&
  (3(= �%;  
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