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 $/��»56�7 �8 &	9« �» ,;� <=�&!��> « �»"?�� <=�&!��> «   ��� @��! A#��� . ��!   �	�

 A#�� �! "�#� "?
)*�t - $�$C ���� �6�-� D�! �& . �! �	
UL∆ "� "�	)� !�   .�
��=UL∆ 

 "EC� �'�!	>! �&���! �#∆  �#UL "�  �$#  .$�3UL∆    � ��! �
��F= ���� �! "��# �=


 %��	
 G�EC'� ���� ����     �'�9 ��# "��� H�	� 	,C �� �#  ,�
 "�)� . �! "��
 . �! ���� � I
JK �'/UL∆ �
*/ �#  �(p→q)∨∆(q→p) ���
� 	L�& �!   &�!$
����! ��M
"� ������ G�EC'� ����  .&&	�∆φ "� 	
,)� N!&'E8   ��= &'8»    ��=  ��! O&��Kφ «   ��# ���

�
/& G��,.  	�» �=  �! O&�K �
�F= �'9 �#φ .«  �6�-� D��! �&  ���

 ����� �   �
��F=
UL∆       ���8�	#! P���2 �".'�Q'� R�K! &	�S��� ���ET �# !�     � �	�,C "����8��)� ���M
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1. %��&�  

 ������ ) �	
uninorm logic (UL  ��6�-� �& ��# D
6�!   � (6��S�� � ������
'�   %��� �&2007 
)Metcalfe & Montagna, 2007(   "�� ����� !� "-��� ���
� �� . �! [$8 "�	)�   �

!'��

@��! �.'�_� �# "���8��)� �� �#  ,�
 	�! �E�� � 	�!  ��M[0,1]     .$�8�# ����� � I
J�K
UL ����	�� ���� �� �=) +�,-
! $.!'/ 012 �!  �M �

 ���contraction  (
)�*� � (

)weakening �! (»P����2 ����8�	#! ����M) «hypersequent calculus %&'��� ������ ������ (G 
"�  �$# $�3.  

 �= �_
3 �! �&UL  %'�	� "�)�  ,;� <=�&!��>p→(q→p)   ����� D�!  �! 	�1>�
 G�,7!
��

 ���� �� �

 "�#� ���� �� ��! . �M    <=�&!���> �3 �& ��= !	T . �

 "�#� NF��=

 %'�	� "�)� "^o�(p→q)∨(q→p) G�,7!   ) 'L���!� ��# �"?�� <=�&!��> . �! 	�1>EQT � (
) p/��� �!EFQ �& �

 (UL G�,7! .$���

 	�1>  

 &�!$
���! "���8��)�UL ���� 	L�& �# �#�\�  ���� (�. @��! A#�� 	# ���� ��M&   ��#
�� A#�� ��
  �	
∗ �� A#�� . �! "��,�    A#��� �! "?
)�*� �= �	
t -     �& ���# D
�6�!  ��! �	�


1996 )Yager & Rybalov, 1996( . �! [$8 "�	)� �� A#��  A#�� ���M �	
t -  ��E��  �! �	

  #�7 (O$K �!$-� D�	�ST'= "�)�) �3 ";�� '*. �= G��?� D�! �#t   ��
 �)1   ��# . ��! (

 �& "���,.UL ���� 0F� 	#  ���� ��Mt -	����# �O$K @��! ��	
 - �����t   N���!�6! �
 �)
 ���# �������1 D
���q�M . ���! (∗  �&UL ) "��?�.conjunctive�����'
> � ( ) r��T �left-

continuous. �! (  
 O$K %'�J� �� G!&!∆   ��6�-� �& ���# D
6�!    %��� �& ���# �1996 )Baaz, 1996(   ��#G 

 .$8 ���Q!∆φ "� 	
,)� N!&'E8  �= &'8» �=  �! O&�Kφ «  ��
/& G���,. �# ��   	��»   �'�9 ��#

F= �=  �! O&�K �
�φ .«∆ ���� �&  ���� ��Mt -  @��! A#��� s�'� �	
δ   ��#��Q ��#  �

δ�x�= �1,  x=1

0,  x≠1
 ) &	� !� �	,� �^�C �� ")
,9 ��#� �& . �! [$8 	
,)�crisp  "6'��)� �� (

"�  %�;� �!'�. �# .$8�# �E,� �
M�?� $/�� 	�! �E�� � 	�! �

!'�»   ��! �!	��!  t���> �!	E� «

�^�C �� � � "6� &	» �! $/$�^# "^. «�^�C ��      ��� N!	u����� . ��! &	��	
v �� ���� �

   �'��!	>! �$�8 ���Q! �# .Pw�= NF��= �� $8�# O&�K �� N�-��� 	�! �E�� � 	�!  �! &	� [�!��∆ 

���� ��#� �# [�!�� [�!�� ����� �!  �	� �# &	� ��M∆φ     G�'�K D��! �& .$����M ��C	� R#�/
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�� �& �= 	�� %x$��!��  �
���='6 ���� ���� $�
��) +�,-
! RK! ��$# ���� ��M  ��� yŁ  �

#	Q ���� "Π G!&! ��$# (∆  �$8 ���Q! �# $
&'# 	,�)��
∆ :$8 $�M!'� 	,�)�  

». �! �,�8�& !&	� � �! ��\S� ��	�! 	�!  
. �! �,�\S� ��	�!  

. �! �,�8�& !&	� �<>«  
���� �& !	��     ���! . ��

 �!	�/	# "^=  6�2 �& �$-� AQ� [$.�/ p,-��	
v ���� ��M

[�!�� �!	# ���� �& �=  �! D�! �C'� R#�/ ��S
 . �! �!	/	# &	� ��M    [�F�. ��# ���� ��M
 G!&!∆ (�	)� �
�F= ���� "� 	�1>  ���M  EC D��! .&'8  %x$���! �   G��,7! ���M   	�1�>

��� D�! �& �
�F= ����� G�,7! �

 �M   ����� D��! D�!	#��# .$
	�1>    ����� A�/!� �& ��M   ���M
��

 ���� D�! �= ��)� D�! �# .$���M �
�F= "��# �M1 .$���M �
�F= ���� �!  

 �# !$�#! �6�-� D�! �& ���� ���� ��$-� �!'�.UL      �".'�Q'� R�K! &	�S��� ���ET �# !�

��8�	#! P��2 8��)� � &�!$
���! "���8��)� ��M"� @�!�� �	,C "���    @�!��� D��! .�
M&

[$�
!'� � .&'# $M!'� [&	\� ��
�#     ����
� �$��& � 	��\
# G�J
�Q'� �!	# $��/F.   ���M

�'/ "� 	�  P��= �# $
!'�(Metcalfe et al., 2009)      ��# ���3'�
 ]�t# �& <z�� .$�= �)C!	�

 �# ���� ���� "��	# � "�	)� O$K G!&!UL∆  O$K A#�� �#δ�x�= � t,  x≥t

0,  x<t
 "� .���!&	>  

  

2. �� ���� �	
� �()� 
�*+�, �
��� ��� ��  

1.2  ;*�A #�B%UL 

��C(> 1.  ��#� �UL    ��# !� �3 ��=ℒ   "�� ���\
   ��.'�_� �
�M&  �{∧,∨,&,→,t,f,⊥}   . ��!
�.'�_�  �# !� �3 �= �M	
{�� �Var "� ��\
   ��.'�_� ��� �
M&     R�;� "M������
 �!����8 �
{pi|i∈ℕ} �.'�_� � . �!  %'��	� �   ���MUL  ��=   ��# !� �3Fm   "�� ���\
     �'�9 ��# �
�M&

"� ����� 	�� G�'K �# "�!	-��! :&'8  ∀φ∈Var∪{t,f,⊥}: φ∈Fm  %'�	�) ("��! ��M      

∀⋆∈{∧,∨,&,→}: φ,ψ∈Fm ⟹ (φ⋆ψ)∈Fm 
"� 012 "
�	
# ��M��
!	> :���!& �

 !� 	�� (���)� � $
'8 ⊤ =df ⊥→⊥   ~φ =df φ→f   ¬φ =df φ→⊥ 
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φ↔ψ =df (φ→ψ)∧(ψ→φ)   φ∨ψ =df ~φ→ψ   φt =df φ∧t 

∧ �∨ �&  �→        ����� |	�8 � ����� (��. �"6'��)� R�o� �"6'�)� (�. H
�	� �#
 .$���M& �& UL ) �'/ (�. �Mstrong conjunction���� G�
#&! �& (   ����t -   ��M � �	�

) �
?^�fusion   �EC D��! . �! s#� ���� G�
#&! �& (&  �&UL  "�� !�     �'�/ ��
?^� �!'��
 .$
��
→ ��

 ���� �!�^��! �

  . �! "�#�⊥ »1="/!$o� P «     "6'��)� p/���� ����M ���

[�!�� ��M�'� �# �=  �!  %'�	� �# �!(∀p)p (�	)�   "�� 	�1�>   .&'�8t » O$�K  "����)� «  ���
»���� O$K «[�!�� ��M�'� �# �=  �!  %'�	� �# �!(∀p)(p→p) (�	)� "� 	�1>   �& � .&'�8

  ��E
f »"���)� P1= « ��»",�
 p/��� «     [�!��� ��M�'�� ��# ��=  ��!  &��)� �!  %'��	� %
~(∀p)(p→p)  �& �=  8!& �C'� $��# ��,6! . �!UL  �!	# ".'Q'� RK! �
f  "�� ��
#   &'�8

 D�!	#��# .�3 �!	# "9	8 "���8��)� �& �
 �f  �&UL  ����)� y
M A/!� �&    � &�!$�
 "�K��
[&�?��! �3 �! p-
 (�	)� �!	# �=  �! "�#�7 �� N��	K . �! [$8  

	)��( 2 ���� �& %x$��! �� .L  H�	� V��〈Γ,φ〉 :�= ��'9 �# . �!  
1. Γ  �.'�_� �!  �!%'�	�  ���� ��ML   . �!     G��$-�)(%x$��! 

2 .φ  ���� �& %'�	� ��L . �!      )�_
�
 � (%x$��!  

 ��	}
 �& �6�-� D�! �& �!	# ��M	#UL∆ "� "�	)�    �EC D��! .�
�=HL )H=Hilbert !� (
   [�!��� ".'�Q'� R�K! ���
� ��  � �!GL )G=Gentzen   ���8�	#! P���2 ��� !� (   ���M

[�!�� .$�	
L# 	}
 �& �!  
 �= �_
3 �!∆  �# �#�\� NF��=G!&!  ��MUL "� 	
,)�    ) "�8��! A#��� G!&! ��� ~&'8truth 

functional�
/& G��,. �# � (   %��;� �!'�. �# �3 	
,)� �!	# �  �! "�� G!&! �� 	�  ����


 ����!$
 "�S�� ��EC "���8��)� �#∆ [�!�� G!&! �� !�  �# �#�\� �!~   "�� 	�}
 �&   � ��	�
�

 $�
�� "��EC'� G!&! �� �
□ ���
� �& NF;�  $�
�� "��MS4  ��S5.  
	)��( 3 %x$��! .〈Γ,φ〉  �&HL "��� �'9 �# G�,7!   "�� �  ��! 	�1>   �
���'
Γ⊢HLφ 

 �� 	�! �E�� � 	�!n - R;� H�	� "���〈φ
1
,⋯,φ

n
〉     ��= ��'�9 ��# $8�# ��8!& &'C�φn=φ  �

 �!	#i∈{1,⋯,n−1}  %'�	�φi:  

1 . ��*.! �! "S� ��Γ .$8�# 

2 .Q'� %'K! �! "S� ���.'  �HL �#.$8 

3 . �! "S� �! [&�?��! �# �� V�����! $.!'/HL %'�	� �! .$8�# [$�3  �$# R,/ ��M 
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	�! [�F. �# Γ"� $8�# "E� �  �
�'�φ �
*/  �HL "� �  �!  �
��'
⊢HLφ.  
  

2.2  ���D�� �A� ,$�'.UL 

��C(> 4. ���! [�L��& "C���HUL :	�� $.!'/ � %'K! �!  �! G��,.  

(B): (φ→ψ)→[(ψ→χ)→(φ→χ)]  (I): φ→φ 

(C): [φ→(ψ→χ)]→[ψ→(φ→χ)]  (&Ι): φ→[ψ→(φ&ψ)] 

(&Ε): [φ→(ψ→χ)]→[(φ&ψ)→χ]  (⊥): ⊥→φ 

(∧Ε)i: (φ1∧φ2)→φi i∈{1,2}  (tE): t→(φ→φ) 

(∧Ι): [(φ→ψ)∧(φ→χ)]→[φ→(ψ∧χ)]  (&∧) (φt&ψt)→(φ∧ψ) 

(∨Ι)i: φi→(φ1∨φ2) i∈{1,2}  (MP): φ→ψ,φ⊢ψ 

(∨Ε): [(φ→χ)∧(ψ→χ)]→[(φ∨ψ)→χ]  (Adu): φ⊢φt 

(PRLt): ((φ→ψ)∧t)∨((ψ→φ)∧t)    
 

 ���� ����t - �	
) ��!'S�monoidal t-norm logic (HMTL   �& �&'�� � !'��! s�'� �=
 %��2001   �! [$8 "�	)�)Esteva & Godo, 2001(  R�K! �&���! �! �(W): (φ→t)∧(f→φ) 

 �#HUL "�  �$#   ����M ���� D
�q�M .$�3)Hájek, 1998(     ) ����> ����� ����� ���basic 

logic (HBL  RK! �&���! �#(DIV): (φ∧ψ)→[φ&(φ→ψ)]  �#HMTL   "��  ��$#   .$��3HG 
 RK! �&���! �! �

(C2): φ→(φ&φ)  �#HMTL "�  �$#   R�K! �$8 ���Q! �# D
�q�M .$�3

(EM): φ∨~φ  �#HMTL         �
��F= ����� �!	�# 	�L�& ".'�Q'� R�K! ����
� ��HCL 
. 8!& �
M!'�  

UL (
)Q ��! (
)Q . �

 [$8 "�����8 ���� ���� ���
� D�	�  ����� ���
� D�	� 
 ��
 �#  �! "-��� ~[$8 "�����8 �'�=! �# �� �= ����» "��� �������	�� ����) «linearly 

substructructural logic (SL
ℓ      %��� �& x!'��
�� 	��
> s��'� �=2015 (Cintula et al., 2015) 

 . �! [$8 "�	)�SL
ℓ $/�� "����  ��M ��#�C �    =	�8 � "���C    �!	�# �	�1�>&   �& . ��!

���� �#�C	
v ���� ��M . 8!& �
M!'� "^K! |	8 �'
 �& "��C  
   ) �&��
�# !� ����� ����� ��fundamental "�� (       "����8��)� �& 	��! ��E�� � 	��! $����


A#�� �3 &�!$
���! �
/& G��,. �# �� .$�8�# ��S� @��! ��M    ��# .$�8�# ��S� �3 &�!$
���! 	,C 	�
 %�;� �!'�.����   ���MG �Ł  �Π     "�6� .$����M �&��
�#BL  �&��
�#      	�# [�F�. ���! . ��



���� \� ���� ��M �'EG �Ł  �Π  �=� ��}�
! %'Kx! "^."  �3 [$��
!'� &��    $����\# !� ��M
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 �# �� �! 	L�& ����� @	��� �&�
�# ���� ���� ��> %�2UL      D��! . ��! [$�8 "������8 �


���� G��,. "t���� H
�	� �# �M   ) �!'�� �'�> ��
�
� ���� �! $
!nilpotent minimum logic (
NM�'> ��
�
� %&'� ���� �  �!'�NMG�� ��v&! ���� � ) "�\�	# �	
involutive uninorm 

mingle logic (IUMLA9�-� ���� � -) �\��cross-ratio logic (CRL    $�$�8 "#	�Q ����� � �
  ) [$�8 �F�K!revised drastic product logic (RDP    �& H�
�	� ��# ��= .(Esteva & Godo, 

2001) �(S.-M. Wang et al., 2005) �(Metcalfe & Montagna, 2007) �(Gabbay & Metcalfe, 

2007)  �(S. Wang, 2007)   [$�8 "��	)�     ����� ���
� D��! �& .$�
!   ���MNM �NMG  �RDP 
@	��� M �! "��MTL  ���� ���� �� N�2F�K! �t -   ����� ��= "6��2 �& .$���M �	
   ���M

IUML  �CRL ��

) "�#�  $/�� "�)� ("�#�(W) .$���M  
 �& V�����! �
*/!	�HUL         	��! ��= G�'�K D��! ��# . ��! ���	9 ��Γ⊢φ→ψ   [��L
3

Γ∪{φ}⊢ψ : �! �!	/	# 	�� �
*/!	� +'. �& ��! .<S.	# �
 ��!  

*/
� 1  .  
Γ∪{φ}⊢ψ ⟺ ∃n≥1 Γ⊢(φ∧t)n→ψ 

φ
n  (�. !�n  %'�	� ��#φ   %��;� �!'�. �# .$�	
L#φ

2
=dfφ&φ    ��# �
�*/!	� D��! .»  �
�*/

"^J� V�����!) «local deduction theorem     �
�*/ ��
�*/!	� D��! G��,7! �!	# . �! 0�	)� (

4.9  �&(Galatos & Ono, 2006) # !�  .$
�
,  

  

3.2 7$+*�B� F��G ,$�'.  ;��UL 

      ��# R/!$�2 [$��
!'� ��=  ��! D�! 	# +	� �6�-� D�! �&»  ���8� P���2  ���M) «sequent 

calculus ���� ( �# !� �3 �= �
�F=GCL "� ��\
 �
M&     ��# ���83�
 [$��
!'� .&�!& "����83 �
"� %�;� �!'�.  $
!'�8&�!)
	 ,1391( .$�
,# !�  

 $�
��GCL ��8�	#! P��2 �&  ��MUL  �# !� �3 �=GUL "� ��\
  "
��#� �'E?� �& �
M& 

 ]���
 �!	# .&�!& &'C�»�.'�_� "M���� �	S� ��M «  ���M&��
 �!Γ �∆ �⋯    ]����
 �!	�# �

��8�  &��
 �! �MΓ⇒∆ [&�?��! "� "� &�_�! �= "���?� .�
�=    s��# �& ��=  ��! D�! &'8   ���M

UL  	���!Γ  !�{φ1,⋯,φn}  �∆  !�{ψ1,⋯,ψm}   &�!$
�����! 	��
,)� G�'��K D���! �& $���	
L#

��8�  �Γ⇒∆  %'�	�(φ1&⋯&φn)→(ψ1∨⋯∨ψm) . �! 
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 �&UL »(.�*� p-
 "�	)� « %'�	� "�)�p→~~p     "��)� �3 <�S. ���! . ��! �
*/ 
» (.��*� p-
 012 «   %'��	� "��)�~~p→p     N�2F��K! . ��

 �
�*/UL    ����� ���

���� �# . �! "�\�	#	
v  �3 �& �= "��M»(.�*� p-
 « %'�	� "�)�p↔~~p   $�8�# �
*/
»����  "�\�	#) «involutive logic"� (  %�;� �!'�. �# .$��'�Ł    ���!  ��! "�\�	# ���� ��

G  �& �=  �! D�! �_��! �& �E� H^�� . �

 "�\�	#GUL ���� 	L�& �   "��\�	#	
v ��M
��8� �E�� �
�L� ��M -) �_
�
single-conclusion(  ���8� "�)�    6��� ��= "���M   %'��	� ��� �3 "

.$���M ��_� ~ �!  
 ��! �&GUL  �'E?� ��
 �# 	L�& "
�#� �'E?� ��» ���8�	#!) «hypersequent  .&�!& &'�C� (

�� A/!� �& ��8�	#! �.'�_�  R;� "M���� �	S� �{S1,⋯,Sn} ��8� �!     ��# !� �3 ��=  ��! �M

 G�'KS1|⋯|Sn "� ��\
 D�! �& .�
M&   &�!$
����! 	
,)� �C|  G!&!∨      ��= $�
�= ��C'� . ��!

��8� R�!& G!&! �# �M    G!&! ��# �3 V���� � ����� Ro� � (�. ��M     R�o� � (��. ���M

"� 	
,)� "6'�)� .&'8  

  "���'
 ��KF� �V�����! $.!'/ �!'
! �'q�M ��

 &�!'� �
-# �!	#     ���M	# (��	)� � ��M
$�
�� GCL !. �  

 -�HI1�$�$.� H���J . KGUL 

 

 

  
(I) � | φ⇒φ 

1��8� ( :(�.'Q'� %'K!) "�!$�#! ��M  

 

� | Γ1,φ⇒ψ � | Γ2⇒φ 
(Cut) � | Γ1,Γ2⇒ψ 

2:@	# [$.�/ (  

� 
(EW) � | ℋ 

 

� | ℋ  | ℋ 
(EC) � | ℋ 

 

3:������� $.!'/ (  � | Γ1,Π1⇒φ � | Γ2,Π2⇒ψ 
(Com) � | Γ1,Γ2⇒φ | Π1,Π2⇒ψ 

  
 

  
(⊥⇒) � | Γ,⊥⇒φ 

 

4 "-��� $.!'/ ()i∈{1,2}:(  

� | Γ⇒φ 
(t⇒) � | Γ,t⇒φ 

 

   
(⇒t) 

  � | ⇒t 
 

  
(f⇒) � | f⇒ 

 

� | Γ⇒ 
(⇒f) � | Γ⇒f 
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� | Γ1⇒φ � | Γ2,ψ⇒χ 
(→⇒) � | Γ1,Γ2,φ→ψ⇒χ 

 

� | Γ,φ⇒ψ 
(⇒→) � | Γ⇒φ→ψ 

 � | Γ,φ,ψ⇒χ 
(&⇒)� | Γ,φ&ψ⇒χ 

 

� | Γ1⇒φ � | Γ2⇒ψ 
(⇒&) � | Γ1,Γ2⇒φ&ψ 

 � | Γ,φi⇒ψ 
(∧⇒)i� | Γ,φ1∧φ2⇒ψ 

 

� | Γ⇒φ � | Γ⇒ψ 
(⇒∧) � | Γ⇒φ∧ψ 

 � | Γ,φ⇒χ � | Γ,ψ⇒χ 
(∨⇒) � | Γ,φ∨ψ⇒χ 

 

� | Γ⇒φi 
(⇒∨)i � | Γ⇒φ1∨φ2 

 

	)��( 5 "C�����! [�L��& .GUL  V�����! $.!'/ %�$C1 . �!  
  

3 .�� ���� �	
� ./�
0� 
�*+�, �
��� ��� ��  

1.3  �*�H��$.� �.��+����UL 

��C(> 6.  ")Q'� �& A#��∗  ���[0,1]�� A#�� �� � ) �	
uninorm function   � 	��!  ��! (
	�! �E��  

1. (commutativity)  ∀x,y: x∗y = y∗x   �#�C :"��C              

2. (associativity)  ∀x,y,z: (x∗y)∗z = x∗(y∗z)   =	8 :�	�1>          

3. (monotonicity)  ∀x,y,z: x ≤ y ⟹ x∗z ≤ y∗z               :"��!'�S� 

4. (unitality) ∀x:  e∗∗x = x  �S� :��!&                            

 G�'K D�! �&e∗  ";�� '*. !�∗ "�  	�! .�
��
e=1  A#�� $8�#t -"�  �$# �	
 .$�3 

��C(> 7. �� A#��  �	
∗ 	�! �E�� � 	�!  �! "?�.  ∀x: x∗0=0 

��C(> 8.  ")Q'��& A#��∗  ���[0,1] ���'
> :	�! �E�� � 	�!  �! rT �  

∀n∈ℕ∀x∀y∀xn �x>xn, lim
n→∞

xn =x ⟹ lim
n→∞

�xn ∗ y� =x*y� 
:	L�& G��,. �# ∀x∈[0,1]∀Y⊆[0,1]: x∗supY=sup{x∗y|y∈Y} 

��C(> 9. [0,1]
UL

=df〈�0,1�,min,max,*,⟶,e,f,0〉  ��UL -&�!$
���! 	,C   � 	��!  �!

 	�! �E��∗  �⟶  ��� ")Q'� �& A#�� �&[0,1]  �e,f∈[0,1] :�= ��'9 �# .$�8�#  

1 .∗ �� A#�� �� ���'
> "?�. �	
  ";�� '*. �# rT �e .$8�#  
2. x⟶y = max{z|z∗x≤y} 
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	)��( 10 �� .[0,1] - R;� A#�� �� 	
,)�I  �!Var  �#[0,1]     ��� D
��q�M . ��!UL -

�*�H��$.� -H�  R;� H�	� "����& ��![0,1]
UL =df〈[0,1]

UL
,I〉 . �! 

��C(> 11.  	M �!	#UL - &�!$
���! %$�!  ��� �UL - �*�H��$0.� ��H+%*�   �!	�#! �

 R;� A#�� ��V!  �!Fm  �#[0,1] :�= ��'9 �#  �!  

∀φ∈Var: V"(φ)=I(φ)   V!(φ→ψ)=V!(φ)⟶V!(ψ) 

V"(⊥)=0,   V"(f)=f,   V"(t)=e   V!(φ∧ψ)=min{V!(φ),V!(ψ)} 

V!(φ&ψ)=V!(φ)∗V!(ψ)   V!(φ∨ψ)=max{V!(φ),V!(ψ)} 

    

	)��( 12 .(	,�)� %x$��!)  1. !⊨φ    ⟺df    V(φ)≥e 

2. Γ⊨[0,1]
φ    ⟺df   ∀!(∀ψ∈Γ,!⊨ψ ⟹ !⊨φ) 

*/
� 2 (Metcalfe & Montagna, 2007)  . Γ⊢HULφ ⟺ Γ⊢GULφ ⟺ Γ⊨UL

[0,1]
φ 

  ��» 	�!Γ⊨[0,1]
φ  [�L
3Γ⊢φ «. �! �'E\� �'/ &�!$
���!  
���� �
*/!	� �#  

  

2.3  ;�<I �.��+����UL 

      ��!'�S� $��
�� 	�,C "���$�-� �
M��?� �# R/!$2 [$�
!'� �=  �! D�! 	# +	� �6�-� D�! �&
�.'�_� �!'
! � �S,8 .&�!& "���83 H�	� ��M 

��C00(> 13.  ����UL -R��;� 	��,C ���� 	��,C &=df〈U,∧,∨,&.→,t,f,⊥〉   ����EC ���#U �

 ")Q'� �& ��M�'�!	>!∧ �∨ �& �→   #!'7 �t �f �⊥ :�= ��'9 �#  �!  

1 .〈U,∧,∨,⊥,⊤〉  ) �!$�
!	= �S,8 ��bounded lattice   ) 	�� 	�o�. ��# (top (⊤=df⊥→⊥ �
) �� 	o�.bottom (⊥ �,�	� � ) �order (≤ . �!  

2 .〈U,&.t〉 �#�C �!'S� �� ) "��Ccommutative monoid. �! ( 

3. (residually condition)   ∀x,y,z∈U:    x&y≤z ⟺ x≤y→z   [$
�� |	8) (�!  
4. (prelinearity condition) ∀x,y∈U:      t≤((x→y)∧t)∨((y→x)∧t) 

]
> |	8) ("��  
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*/
� 3 (Metcalfe & Montagna, 2007) .�� A#�� �� [$
�� �	
     	��! ��E�� � 	��!  �! �!
���'
> .$8�# "?�. � rT � 

	,C � &�!$
���! "���8��)� |�,��! �
*/ D�! �# �UL S83"� �� .&'8 

��C(> 14. UL - 	,C &=〈U,∧,∨,&,→,t,f,⊥〉 �,�	� �#  �≤:  

1 . ��UL - �� �� 	
_
�UL -    ) "��� 	��! ��E�� � 	��!  �! "�� 	,Clinear  .$�8�# (

 :"�)�∀x,y: x≤y or y≤x. 

2 . ��UL - �� �� ��'� 	,CUL -�,�	� 	�! �E�� � 	�!  �! %�LT 	
_
�   � "��� �3 �
) %�LTdense.$8�# ( 

3 . ��UL -    	��! ��E�� � 	��!  �! &�!$
���! 	,CU=[0,1]  ��,�	� �    H�
�	� ����M �3 �
.$8�# "6'�)�  
�.'�_�  �[0,1]ℚ=df[0,1]∩ℚ    %��LT �!$�
!	= 	
_
� �� A/!� �& �"6'�)� H
�	�  J�

 �[0,1] . �! R��= %�LT 	
_
� ��  

��C(> 15.  ��UL - H�	� "��� �& %$�!=〈&,I〉 :�= ��'9 �# . �!  

1 .U=〈U,∧,∨,&,→,t,f,⊥〉  ��UL -. �! 	,C  

2 .I  �! A#�� ��Var  �#U . �!  
��C(> 16.  	M �!	#UL - %$�!=〈&,I〉  ��UL - �!	# "M$8��!!    R�;� A#��� ��� �

V!  �!Fm  �#U  Nx�! �=  �! G�'K D�! �#∀p∈Var: V"(p)=I(p) :N�

�7 

V"(c)=c∈{t,f,⊥},     V!(φ⋆ψ)=V!(φ)⋆V!(ψ); ⋆∈{∧,∨,&,→} 

	)��( 17   .(��,�.! � %$� �& O$K)  1. !⊨φ    ⟺df   V(φ)≥t 2. !⊨Γ   ⟺df   ∀φ∈ψ: !⊨ψ 

3. Γ⊨GEN
φ   ⟺df   ∀(!⊨Γ ⟹ !⊨φ) 

��C(> 18. �& 	)��( 17  	�!UL - 	,C&  H
�	� �#UL - �	
_
�UL -  � ���'� 	,CUL -
 <�'
x�# ��C �# G�'K D�! �& $8�# &�!$
���! 	,CGEN <�'
x�# �! H
�	� �#   ���MLIN �

DEN  �[0,1] "� [&�?��! .�
�=  
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 �C'� �# �#*/
� 3"���� � "� [&�� G�,��J� �	� �� � �S,8 ��M    ��= &!& ���\
 �!'�
 &�!$
���! "���8��)�UL  �	,C "���8��)� �UL   �,C ��#     D���! .$����M %&��)� &�!$
����! 	

"� [&�?��! "=	�\� ��M&��
 �& 	M �!	#  EC .&'8  
*/
� 4 (Metcalfe & Montagna, 2007).  

Γ⊨GEN
φ ⟺ Γ⊨LIN

φ ⟺ Γ⊨DEN
φ ⟺ Γ⊨[0,1]

φ 

  

4 .�� �	
� �()� 
�*+�, ��� ���� �� ���  

1.4  ���D�� �A� ,$�'.UL∆ 

��C(> 19 ��#� .UL∆  �# !� �3 �=ℒ∆ "� ��\
 �.'�_� �
M&  �ℒ∪{∆}   ��.'�_� � . ��!  
%'�	�  ��MUL∆ �3 �=  �# !�Fm∆ "� ��\
      �! "�!	-���! @	���� ��� �
�M&Fm    ��#  ��!

 	�! �= ��'9φ  $8�# %'�	� ��∆φ (�	)� [�F. �# .&'# $M!'� %'�	� �� �

    	��� ���M
"� ���Q! �

 !� :�
�=  

∇φ =df ~∆~φ   φ⊃ψ =df ∆φ→ψ   −φ =df φ⊃⊥ 

        �'�E?� . ��!&	> �
M!'�� �3 ��# �$�)#  ���/ �& ��= ��'K "���8��)� �# �C'� �#
»�
�F= P1= « ��»�
�F= O$K �$. «"�  G!&! �# N!&'E8  ���#−   "����,. �# .&'8 	
,)�

−φ "� 	
,)� N!&'E8  �= &'8» �= ( �

 O&�K)  �! Pw�=φ«"� $
=�� .    ��= &'�8  ��_��! �&
. �! 	}
 $� �3 �
�F= ���)� �# P1= � O$K N�-
/&   

��C(> 20.  "C�����! [�L��&HUL∆    "C������! [�L���& ���MHUL   ��!    [�F�. ��#
[$.�/ � %'K! :	�� �  

(K): ∆(φ→ψ)→(∆φ→∆ψ)   (T): ∆φ→φ   (EM∆): ∆φ∨¬∆φ 

(∨): ∆(φ∨ψ)→(∆φ∨∆ψ)   (i∆): ∆φ→t   (RN): φ⊢∆φ 

(
)Q %�2 �# �� ���� ���� D�	�   G!&! �3 �# �=   ��! [$8 ���Q! O$KMTL   . ��!
 �# �3 �&	= ���Q!UL ���3'
    ����� �$8 (
)Q �!	,C �!	# �� �= "^K! . �! �6�-� D�!

 RK! ��&	= ���Q! ���>(i∆) �
*/ A/!� �& �=  �!  �! �!MTL "� $8�#    NF,�/ %'�K! "-#��� .
 "�	)�[$8 .$
!  

 $8 [��8! �

 ��$-� �& �= �'�
��M ��# D
6�!G∆     �3 &�!$
����!  �
���� G��,7! [!	�M �#
 �&(Baaz, 1996)   �!	�# �3 &�!$
���!  
���� . �! [$8 "�	)�MTL∆   �& ��

(Montagna, 
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2012)  ���
� �& 	M �& . �! [$8 G�,7!(4): ∆φ→∆∆φ �!'�. �#    [&!& �!	�/ �'�Q'� RK!
  �3 %F-���! �$. ��# D
6�! �!	# �� . �

 R-��� �'Q'� RK! �� �= "6�2 �& . �! [$8


 !�.&!& �
M!'� ��\  
 RK!(∨) ��

 �&  "���&'#  UL∆  �&'# "8��! A#�� �∆    "�� ����# �$�
^= ]-
   .$��=

��

 ���� �� ) 	
_
� �� �#  ,�
 	�! �E�� � 	�!  �! "��chain   I
J�K �'�/ �'9 �# (
 G�EC'� ���� �& RK! D�! .$8�# ���� �K  RK! %&�)�(Dc): ∇p→∆p     �& ���,6! ��= . ��!

UL∆ G�,7! >�
 %'K! 	�! [�F. �# . �! 	�1(T)  �(∨)  �#CL     G��EC'� ����� $
'�8 [&���!
"#  �C�Triv "� $�$>  �= "6�2 �& .$�3���� �&  "EC�  �S8 D�! ���� � "8��!$�T ��M

"�
 "/�?�! .$��!  
�
*/ A/!� �&  �! �!UL∆ ��

 �& "���! ]-
 �=     "�� ��?�! �3 �&'�# "���    %'��	� $��=

(PRL∆): (p→q)∨∆(q→p)     %���.! ��# H�
�	� �# "�&�� �# �
*/ D�!  �!(RN) �(∨)  �(T) 
 ���⊢UL(p→q)∨(q→p) "�  #�7 .&'8  

�E� G�,7! $
�� �# x�2  RK! "�)� %'�	� D�	�(4)  �&UL∆ :$
�= �C'�  
1. ∆p∨¬∆p (EM∆) 

2. ∆(∆p∨¬∆p) 1, (RN) 

3. (∆p∨¬∆p)⊃(∆∆p∨∆¬∆p) (∨) 

4. ∆∆p∨∆¬∆p 2,3, (MP) 

5. ∆¬∆p→¬∆p (T) 

6. ∆p→t (i∆) 

 A=∆∆p, B=∆¬∆p, C=∆p  

7. (A∨B)→{(B→¬C)→[(C→t)→(C→A)]} ⊢UL 

8. ∆p→∆∆p 4,5,6,7, (MP)
3
 

   

  R��K! �! $��)#(4) ���E�   "6'���	� D�	��� �& ���=UL∆    R��K!  ���! �
��*/(C): 

(∆φ∧∆ψ)→∆(φ∧ψ) : �!  
1. [p→(p∧q)]∨[q→(p∧q)]                                     ⊢UL 

2. ∆{[p→(p∧q)]∨[q→(p∧q)]}                             1, (RN) 

3. ∆{[p→(p∧q)]∨[q→(p∧q)]}→{∆[p→(p∧q)]∨∆[q→(p∧q)]} (∨) 
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4. ∆[p→(p∧q)]→[∆p→∆(p∧q)]                            (K) 

5. ∆[q→(p∧q)]→[∆q→∆(p∧q)]                                 (K) 

6. A=∆p, B=∆q, C=∆(p∧q), D=∆[p→(p∧q)], E=∆[q→(p∧q)] 

7. (D∨E)→{(D→(A→C))→[(E→(B→C))→((A∧B)→C)]} ⊢UL 

8. (∆p∧∆q)→∆(p∧q)                                       2,3,4,5, (MP)
4 

 %'�	� �= �_
3 �! �= $
�= �C'�p→[q→(p∧q)]  �&UL �
*/  %'�	�  �

(C)   ['
�8 �#
"�
 G�,7! %�!$�� .&'8  

 �&UL � %'�	(p∨¬p)→[p→(p&p)]  �! [&�?��! �# D�!	#��# . �! �
*/(EM∆)   "�&��� �#
"�  #�7  %'�	� �= &'8(C∆): ∆φ→(∆φ&∆φ) ��
*/  �! �!UL∆ . �!  

 %'��K!(5): ∇φ→∆∇φ  �(B): φ→∆∇φ  �&UL∆  �& ����! .$�����

 �
��*/MTL∆  �
��*/
      D���! �!$�= 	�M �&	�= ����Q! A/!� �& .$���M2    ��# R�K!UL∆  ����
� �MTL∆   $��$> !�

"�   �! D�! �M �3 R
6& .&��3 �=f  �&UL   D��! �!	# "��&�$J� y
M �  �!  #�7 �� �E��
 "�2 .[$\
 [&!& �!	/ �.'Q'� %'K! �� "����8��)� $.!'/ ��	9 �!  #�7f "�    ��# 	�#!	# $
!'�

1  �& �=  �! "6�2 �& D�! .$8�#MTL   #�7f  �# 	#!	#0 . �!  
��� �& �'E\� %'K! 	L�& �! �& �= &�!$
���! G�EC'� �UL∆ "� $���

 �
*/    ��# �!'��

 %'K!(.2): ∇∆φ→∆∇φ  �(Mʹ): ∆∇φ→∇∆φ     R�K! ��=  ��! "6�2 �& D�! .&	= [��8!(.3): 

∆(∆φ→ψ)∨∆(∆ψ→φ)  �&UL∆ �
*/ . �!  
 

2.4 �$�� K�$�$.� 7'OJ��
  

^J� V�����! �
*/!	� "HUL )*/
� 1 �& (HUL∆ "�  �& �!  �= !	T .&��p⊢∆p    y
�M ���!
 R;� ")
,9 &$.n  �= &�!$
 &'C�⊢(pt)n→∆p�& . �
*/!	� +'.      �
�*/!	� ���
 ��# 	��� �

»��6& V�����!) «delta deduction: 8!& �
M!'� !� (  
*/
� 5 �& .HUL∆ :$���M �!	/	# 	�� $.!'/!	�  

1) 
Γ∪{φ}⊢ψ ⟺ 

Γ⊢φ⊃ψ (V�����!) 2) 
Γ⊢φ ⟺ 

Γ∪{−φ}⊢⊥ ((^� ��M	#)  

.#���B ) G�,7!1�!	# �3 G�,7! �# �#�\� ( HBL∆  �& �
*/2.4.14 (Hájek, 1998) . �!  
   ��= $�
�= +	� . �! [&�� %'�)� �,9 �= rT �#  �!� �! G�,7! !$�#!Γ⊢φ⊃ψ  x��2 .

%'�	�  �# !� 	�� ��MΓ∪{φ} "�  #�7  :�
�=φ⊃ψ �∆φ )RN �(ψ )MP.(  
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   %x$���! ���M	# %'9 ��� �'/ �!	-��! �!  �!� �# rT G�,7! �!	# �   [&�?���! ���$-�
"� .�
�=  

 �� �	�� �� ��M	# �!	# :���> �$/i (ψ∈Γ  ��ψ  ��. �! �'Q'� RK! ��ii (ψ=φ.  
1. ψ,   φ⊃t (i∆),   φ⊃ψ (⊢HUL(p→t)→[q→(p→q)]) 

2. φ⊃ψ (T) 
"� +	� :�!	-��! �$/     �! 	���= ��# ���$-� ��M	# 	M �!	# �S2 �= �
�=n    �!	�/	# 	���

) .$8�#ih �!	# �= �
�=  #�7 $��# (n+1    ���$-� %x$���! ��M	# D�!	#��# . �! �!	/	# �

 	��

��8�  $�
�� �!φ1,⋯,φn+1=ψ  �!	# . �!φn+1 �3 "� ]
>  6�2 :$�3  

1 .φn+1  [$.�/ �#(MP)      ��� <�> . ��! [$��3  �$#i≤n      ��= ��'�9 ��# &�!& &'�C�

Γ∪{φ}⊢φi→φn+1  �Γ∪{φ}⊢φi �,9 <> .(ih)  :���!&Γ⊢φ⊃(φi→φn+1)  �Γ⊢φ⊃φi  ��# x�2 .

Γ "�  #�7 :�
�= 

φ⊃(φi→ψ),      φ⊃φi,      (∆φ&∆φ)→ψ,      φ⊃(∆φ&∆φ) (C∆),      φ⊃ψ 

2 .φn+1  [$.�/ �#(RN)    ��� <�> . �! [$�3  �$#i≤n    ��= &�!& &'�C�φn+1=∆φi  �

Γ∪{φ}⊢φi �,9 <> .(ih)  :���!&Γ⊢φ⊃φi �! [&�?��! �# <> .(RN) �(K)  �(4) :Γ⊢φ⊃ψ. 

) rT �#  �!�  �� G�,7!2 �# "�&�� �# ((RN) "�  �$#    ��# r�T  �� �!	# .$�3

  ��= $
�= +	�  �!�Γ∪{φ⊃⊥}⊢⊥  ) ��# <�> .1 :(Γ⊢(φ⊃⊥)⊃⊥  ��# .(EM∆) �(RN)  �(∨) :

⊢∆∆φ∨∆¬∆φ �# <> .(T) :Γ⊢φ    

   ��= ��_
3 �! �= $
�= �C'�∆p→∆q⊣⊢∆p→q     [$�.�/!	� %&��)� ���6& V������! �
�*/!	� ~  

                                      : �! 	�� (���M �
*/!	�)Γ∪{φ}⊢ψ ⟺ Γ⊢∆φ→∆ψ  

  

3.4 >(��C P'.QR ���� ;�(S
  

 ��$-� �& �= �'�
��M $8 ��?�CL  �&UL∆ (�	)�   D�!	#���# �  �! 	�1>UL∆    ����� ���
��

 � �
 � ���� ���� $�
�� �
�F=�
�F=	
v ���� �     !	�T . ��! �&'E�8 ���� $�
��

%x$��! ���� �= G�,7! ��M    G��,7! �3 �& �
��F= ����� 	�1>       ���/ D��! �& . ��! 	�1�>
"� "�  #�7 ��!&! �& .���!&	z# �E� H^�� D�! G�,7! �# �
M!'�   G!&! ��= �
��=   ���M⊃ �∧ �∨� 

−  �⊥ .$���M �
�F= ���� �& p/��� � p-
 �Ro� �(�. �|	8 H
�	� �# 
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	)��( 21%'�	� �.'�_� .  �# !� �3 �= �
�F= ���� ��MFmCL   "�� ���\
   ��# �
�M& 
 ��� �! 0��)�� G�'KVar  ��#� �{∧,∨,⊃,−,⊥} "� �����  .&'8δ  �! A#�� �� !�FmCL   ��#

Fm∆ ��#�Q �# L# 	�� �:$�	
  
∀φ∈Var: δ(p)=p, ∀n∈{0,1,2},{∧,∨,⊃,−,⊥}: ∀⋆∈δ(φ1⋆φn)=δ(φ1)⋆δ(φn) 

"���! �= $
�= �C'�  ���C	� �# ��C	� D�! G��?� D�	�      ��# �&'E�8 ����� �! %&'�� �
"� "/�# 	

{� ��$# �M	
{�� �=  �! D�! G�EC'� ����   s�!	�8 �=  �! �^a�� D�! � .$�
��

(�	)� G!&! �	�1>  !� �
�F= ��M"� �
E� .$�=  
*/
� 6. 

Γ⊢CLφ ⟺ {δ(ψ)|ψ∈Γ}⊢HUL∆δ(φ) 
.#���B  �!'�. �# �
'�
HCL       �& �
��F= ����� ".'�Q'� R�K! ����
� !� �8&�!)
	 ,

1391 ,p .41(  �! [&�?��! �# .$�	
L#*/
� 5      "C������! [�L���& "�&��� ��#HCL  �&HUL∆ 
"�  #�7 rT  �� <> .&'8 -�# - �!�  �� . �! �!	/	#  �!� -�# -    ���M	# ��# !� r�T

"�  #�7 (^�   ��= $
�= +	� <> .�
�=δ[Γ]⊢HUL∆δ(φ)   ���!Γ⊬CLφ    p/���� ��� D��! .
rT  �� �# �C'� �# �= !	T . �! -�# -��C	�  �!� %x$��! 	M �   G��,7!   �& 	�1�>CL  �&

HUL∆ G�,7! �

 "� "�	9 �! . �! 	�1>     ��# $��$C %x$���! 	M �&	= ���Q! �= �

!&CL  �&
"� �������
 !� �3 ��#� ���M   �!	�#  JK �
*/!	� �#��# D
�q�M .$�=HUL∆   ��= �& �*/
� 

8  &	= �
M!'�  #�7HUL ��C	� 	�! <> . �! ������ G�,7! %x$��! �� �   �& 	�1�>�
CL 
 �&HUL G�,7! $M!'� �������
 ���
� $8�# 	�1>      .&'# 

G!&! ��C	� �# �
�F= ���� ��M  �	L�& ��M  �& ��

UL∆  R�#�/     �& ��= $����M ���
#
�3 �! "*)# �# "���8��)� ]t# "� [��8! �M  ���C	� D�! D
# �& Nx���2! .�
�=   ���C	� ���M  �

[&�� [$8 [&��3 .$8�# D�	�  
  

4.4 7$+*�B� F��G ,$�'.  ;��GUL  

 -�HI2$�$.� H���J . K�GUL∆ 

� | Γ⇒φ 
(∆) 

 � | Γ,φ⇒ψ 
(∆⇒) 

 � | Γ⇒φ 
(WL)∆ 

 � | ∆Γ1,Π⇒φ 
(S)∆ � | ∆Γ⇒∆φ  � | Γ,∆φ⇒ψ  � | Γ,∆Π⇒φ  � | ∆Γ1,Γ2⇒Σ | Π⇒φ 
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��C(> 22.  "C�����! [�L��&GUL∆    "C������! [�L���& ���MGUL     [�F�. ��#  ��!
 $.!'/ %�$C2.  

GUL+(∆) ! 	�� ".'Q'� RK! ���
� �# %&�)�: �  
HULK- =df HUL+(RN)+(K)+(C)+(PRL∆) 

(
)Q ���
� D�!  ���� ���
� D�	���

 G�EC'�  ���� ���> 	# %��	
 "��UL   . ��!

HULK- '/ &�!$
���!  
���� �!�!& D
�q�M   (
)�Q ��= $�
�= �C'� . �! �    ����� D�	��

��

 G�EC'�  ���� �
�F= ���� ���> 	# "��Tc =df CL+(Tc): φ→□φ    D
��q�M . ��!

 @	��� �#UL  �#CL ���
� �Tc "� $�$> .$�32 D
�q�M      R�K! ��=  ��! 	�=w R#�/(∨)  �&

HULK- . �! �
*/  

 ���
� �&ULK-  $.!'/(∆⇒) �(S)∆ �(WL)∆     %'�K! %&��)� H�
�	� �#(T) �(EM∆)  �(i∆) 

 "�.	� [$.�/ D
�q�M .$���M(⇒∆): �|∆Γ⇒φ ⊢ �|∆Γ⇒∆φ      R�K! ��# %&��)�(4)    ��# . ��!

 �# ".	� [$.�/ D�! G�,7! "L
'LT �# �
'�
 �!'�. -�HI3 .$
�= �C'�  

 -�HI3 �H��J ��<T� .(⇒∆)  *�GUL∆  

� | ∆Γ⇒φ 

(S)∆ 

(∆) 

(WL)∆ 

  

� | ∆Γ⇒⊥ | ⇒φ   

� | ∆Γ⇒⊥ | ⇒∆φ  

(⊥⇒) 

(Cut) 

(EC) 

� | ∆Γ⇒⊥ | ∆Γ⇒∆φ � | ⊥⇒∆φ | ∆Γ⇒∆φ 

� | ∆Γ⇒∆φ | ∆Γ⇒∆φ 

� | ∆Γ⇒∆φ 

  

� �& �&'# %&�)� G�,7! ���
ΗUL∆  �GUL∆  � ��#     (	�
,)�) ���C	� ��# � %�!$��� @�
��8�	#! &�!$
���! "� ��_
! �M     �& "��2!� �!	�# !� ������ ���
� N��	K �� �= �_
3 �! ��! .&'8

�
*/ G�,7! [&��3 �M    �& �3 G��,7! �!  ��

 �� ��'J� �^a�� � ��!     	�}
 0	�K ��6�-� D��!
.��&	=  
  
  



��! ����" #$ %�&�' �() &" *+, -&�& �.   53 

5 .�� �	
� .,�
3�
0� ��� ���� �� ���  

1.5  �*�H��$.� �.��+����UL∆ 

��C(> 23.  (��'�) &�!$
���! "���8��)�UL∆  (��'�) &�!$
���! "���8��)� ���MUL   . ��!

 �= G��?� D�! �# �E��∆ "� 	
,)� G�'K D�! �# :&'8   

V!�∆φ�= � t,    V!(φ)≥t

0,   otherwise
 

���� �&  ��Mt -  ��	�
» O$�K «     @��! ��# s�-� (�
��F= O$�K)1� » P1�= «  P1�=)
 �! 	�ST'= N!$
=! @��! �# (�&',
 O&�K) (�
�F=1  �» Pw��= NF��= «  @��! ��#0   OF�9!

"�  O$K @��! A#�� "���,. �# .&'8δ : �! 	�� G�'K �#  

0  �= $8�# O&�K 	�!p �3 [�!�� [�� � » �=  �! O&�Kp «. �! O&�K 

0  �= $8�,
 O&�K 	�!p �3 [�!�� [��  �» �=  �! O&�Kp «. �! Pw�= NF��= 

 ��'K G��,. �# "�)�∆ ���� �&  ��Mt - A#�� �# �	
δ�x�= �1,  x=1

0,  x≠1
 "� 	
,)� .&'8  

���� �& ��! �� ��M �6�-� �& �
�� . �! �
L
!	# �\/��� 	�\
# "�= �^a�� �	
  �(Yang, 

2012) 10  �!	# (�� O$K A#�� �^�C �!) O$K A#��UL )�"� "�	       D��! ��� !	�T ��S��! .$��=
[&!& I
C	� O$K A#!'� 	L�& �# !� O$K A#�� : �! 	�� R�x& �# ��!  

1 . �&!& �!	/ �#t=1  �f=0  "�)�) �# ��-��!MTL O$K A#�� (t - �	
"� $�$> .$�3 

2 . �& �
�F= ����UL∆ (�	)� "� 	�1> .&'8 

3 .�.'Q'� %'K! ����  �∆  �&HMTL∆ ��Q�! )satisfy"� ( .$
'8 

4 .�
�F= O$K) O$K �& (UL �����	����# t . �! �&'#  
  

2.5  ;�<I �.��+����UL∆ 

��C(> 24.  ��UL∆ - R;� 	,C �� 	,C&∆
=df&∪〈∆〉    ��= ��'�9 �# . �!&   ���UL -

 � 	,C∆ : �! 	�� s�!	8 �# ")Q'� �� �'�!	>! ��  

(∆1): ∆(x→y)≤∆x→∆y   (∆4): ∆x≤x 

(∆2): ∆(x∨y)=∆x∨∆y   (∆5): t≤∆x∨(∆x→⊥) 

(∆3): t≤∆t   (∆6): ∆x≤t 
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OJ'7 7. &∆  ��UL∆ -  	��! �E�� � 	�!  �! 	
_
�&   ���UL -  � 	�
_
�∆    	��� A#���

                                                                         :$8�#∆x= � t,             x≥t⊥,  otherwise
 

.#���B  �= &'8  #�7 $��#  �!� �# rT G�,7! �!	#∆ "���� �!�!&   ���M(∆1)   ���(∆6) 
"���� D�! �&	= �T . �!    "����� �&'�# �!	/	# �
'�
 �!	# . �! [&�� �M(∆1)   ���\
 !�

"� "� ]
>  6�2 ��ET .�
M& :G�'K D�! �# $�3  
 x y ∆x ∆y ∆x→∆y ∆(x→y)  

≥t ≥t t T t t or ⊥  

≥t <t t ⊥ ⊥ ⊥ y<x 

<t ≥t ⊥ T ⊤ t or ⊥  

<t <t ⊥ ⊥ ⊤ t or ⊥  

       

�#  �!� G�,7! �!	# "� ��!�! !� 	�� ��M	# �

 rT :�
M&  
1. t≤x     1. x<t  

 ∴∆x=t      ∴∆x=⊥  

2. ∆x≤t (∆6)    2. t≤∆x∨(∆x→⊥) (∆5) 

3. t∨x=x 1, UL-algebra    3. t≤∆x or ∆x=⊥ 2, UL-chain 

4. ∆(t∨x)=∆x 3, algebra    4. ∆x≤x (∆4) 

5. ∆(t∨x)=∆t∨∆x (∆2)    5. t≤x or ∆x=⊥ 3,4, UL-algebra 

6. ∆t≤∆x 4,5, UL-algebra    6. ∆x=⊥ 1,5, UL-algebra 

7. t≤∆t (∆3)       

8. ∆x=∆t 2,6,7, UL-algebra      
 

 H
�	� �# 	�� ��M	,C �_
�
 �&UL∆ - � ��'� 	,CUL∆ -	,C :$���M &�!$
���!  &DEN
∆ =df 〈[0,1]ℚ,min,max,&,→,∆,t,f,0〉 

&[0,1]
∆ =df〈[0,1],min,max,&,→,∆,t,f,0〉 

��C(> 25.  �	,C "���8��)�UL∆    �	�,C "����8��)� ���MUL      D��! ��# ��E�� . ��!

 �= G��?�UL∆ - D��L��C 	,CUL -"� 	,C  � &'8V!(∆φ)=∆V!(φ).  

  

3.5 ;�J UVA 7'OJ��
  
OJ'7 8.  �&HUL∆                                                           :Γ⊢φ ⟹ Γ⊨GEN

φ 
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.#���B       ���_
! ���M	# %'�9 ��� �'�/ "�Q��� �!	-��! �# "�)� %�!$�� @�� �# G�,7!
"�   ��L
 O$�K � �.'Q'� %'K! ��,�.! �=  �! "��= �E�� D�!	#��# .&'8    ���\
 $�.!'/ ��!&

 �,9 .&'8 [&!& H
=	�*/
� 2  � �*/
� 4    �.'�Q'� %'�K!UL     O$�K @$�.!'/ � 	�,�)�
�L
  "��EC'� ]t# �=  �! "��= <> .$
�!&UL∆ "��	# .&'8  

 %'��K! ����,�.!(K) �(∨) �(T) �(EM∆)  �(i∆)    ��� �! N��
-����� H��
�	� ���# "�&���� ���#
|	8  ��M(∆1) �(∆2) �(∆4) �(∆5)  �(∆6) "�  �$#    ��L
 O$�K �!	�# .$��3  ��!&(RN)   ��



    	��! ��= &'�8 [&!& ��\
 $��#t≤x   [��L
3t≤∆x      $�
�= +	�� �'�}�� D��! �!	�# .t≤x  ��,9 .
"����  ��MUL - ���!& 	,Cx∨t=x �&'# A#�� R
6& �# .∆  ���!&∆(x∨t)=∆x  "����� �# � .(∆2) 
 ���!&∆x∨∆t=∆x"���� �,9 x�2 .  ��MUL - 	,C∆t≤∆x .   "����� ��# ���#  ��E
 �& �   ���M

UL - |	8 � 	,C(∆3)   8!& �
M!'�t≤∆x         .  
  

4.5 ���� �'<�C P'.QR ���� ;��  
��C(> 26 .(P'.QR ���� ��H+%*� WB�C)  $
�= +	�!  ��UL∆ -   .$�8�# "��� %$�

 �� G�'K D�! �&CL - �!	# &�!$
���! "M$8��!!     R�;� A#��� ���e!  �!Fm∆   ��#{T,F} 

                                   :�= ��'9 �#  �!/!�φ�= 0T,          V!(φ)≥t

F,        otherwise
  

��C	� �#       %'��	� %��;� �!'��. ��# $�8 ��?� �= �!δ(p)→δ(q→q) = p→(q⊃q) �& UL∆ 
. �

 �
*/ "� ��C	� �!'� �!�^��! �= &!& ��!�! �	L�& �   !� �
��F= ���� %�! �C�& ��M

 	�! �= ��)� D�! �# .$�= �?2⊢CLφ⊃ψ  [�L
3⊢UL∆T(φ)→T(ψ) "��  EC D��! .     �?� �!'��
��C	� �
/& ��M "� �

 �	�   .&!& ��!�! �!'�  
	)��( 27 �# !� 	�� (���)� .Fm∆ "� ���Q! :�
�=  

φ∧2ψ =df ∆φ∧∆ψ   φ→2ψ =df ∆(∆φ→∆ψ)   φ≡ψ =df (φ⊃ψ)∧(ψ⊃φ) 

φ∨2ψ =df ∆φ∨∆ψ   ~2φ =df ∆(∆φ→⊥)   φ↔2ψ =df (φ→2ψ)∧2(ψ→2φ) 

: �! ��S83 NF��= (�	)� �& D�! G��?� 	�� %�$C �&  
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 -�HI4���� X%*� -�HI .  *� P'.QR ���� ;��UL∆ 

x y  ∆x ∆y  x∧y x∧2y  x∨y x∨2y  x⊃y x→2y  −x ~2x  x≡y x↔2y 

T T  t t  T t  T t  y T  0 0  T t 

T F  t 0  y 0  x t  y 0  0 0  y 0 

F T  0 t  x 0  y t  1 T  1 t  x 0 

F F  0 0  F 0  F 0  1 T  1 t  1 T 

  

6 .�
����*,� �(5 6���7� %�85���  

1.6 �*�&Y ���� 7B �(�VC ��  
��C(> 28. Fm*  ��.'�_� !�   %'��	�      s��'� [$�8 $�
6'� ���Mℒ  �Var*=df{φ∆|φ∈Fm∆} 

 .$�	
L#*  �! A#�� ��Fm∆  �#Fm* ��#�Q �# : �! 	�� �  

∀φ∈Var: φ*=φ   ∀φ∈Fm∆: (∆φ)*=φ∆ ∀n∈ℕ,∀⋆n∈ℒ∆,∀φn∈Fm∆:   (⋆n(φ1,⋯,φn))* = ⋆n(φ1*,⋯,φn*) 

:-�[�                                          (∆(p∧t)→(∆p→t))*= (p∧t)∆→(p∆→t)  

 ,�1 . $
M& �!	/Th=df{ψ|⊢UL∆ψ}.                    Γ*∪Th*⊢ULφ* ⟹ Γ⊢UL∆φ  

.#���B "� +	�   ��= �
�=Γ*∪Th*⊢ULφ*        �#�7 ���M	# %'�9 ��� �'�/ �!	-���! ��# .

"�  �= �
�=Γ⊢UL∆φ.  

    ���M	# �!	�# :����> �$/1    ��� �	���1 (φ∈Γ   ���2 (φ∈Th   ��� �3 (φ    %'�K! �! "�S�
�.'Q'�  �UL . �! RK�2 P'^�� �'Q� �# (�	)� �,9  6�2 �� 	M �& . �!  

 �# ��M	# �!	# �= $
�= +	� :�!	-��! �$/n     ��= �
��=  �#�7 $��# .$8�# �!	/	# �S2 	��

 �!	#n+1  $
�= +	� . �! �!	/	# �

 	��φ1*,⋯,φn+1*      ���$-� %x$���! �!	�# ���M	# ��

 �!	# <> .$8�#φn+1* "� ]
>  6�2 �& :$�3  

1 .# �! [&�?��! �(MP)  �� <> . �! [$�3  �$#i≤n   ��= &�!& &'C�Γ*∪Τh*⊢ULφi*  �

Γ*∪Th*⊢ULφi*→φn+1* �!	-��! +	� �,9 x�2 .Γ⊢UL∆φi  �Γ⊢UL∆φi→φn+1   ��,9 D�!	#���# .

(MP) . �! RK�2 P'^�� 
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2 . �! [&�?��! �#(Adu)    ��� <�> . �! [$�3  �$#i≤n     ��= $�
�!& &'�C�φn+1=φi*∧t  �

Γ*∪Τh*⊢ULφi*  �!	-���! +	� �,9 <> .Γ⊢UL∆φi   ��,9 D�!	#���# .(Adu)    R�K�2 P'�^��

 �!.  

  

2.6 �
 *�Y%�. 7���\� 

��

  �
�F= �&'#UL∆ "� !�  
^#�/ D�! �� �#     ����� �&  �
���� G��,7! $��
�� �� $M&   ���M
       $��&'�� �!��#! D��! .�
��= [&�?���! 	�> ������ �'E?� �! D
S�M @�� �# &�!$
���! G�EC'�

 &�!$
���!  
���� G�,7! $
��UL∆ [&�� !� "� 	� .$�=  
��C(> 29. "�  �
�'�Γ⊆Fm �	> ������   �!      	��� "����� �& �!�!& 	��! ��E�� � 	��!

:$8�#  
a. 

Γ⊬UL∆⊥ 
(������)   

b. ∀φ∈Fm∆:   

φ∈Γ or −φ∈Γ 
(	>) 

,� 2.  �.'�_� 	M 	> ������Γ �� �UL∆ -��	}
 :"�)�  �!  ∀φ∈Fm∆:    Γ⊢UL∆φ ⟹ φ∈Γ 
.#���B 1 $
�= +	� (Γ⊢φ  �φ∉Γ 2   :�&'�# 	�> �# (−φ∈Γ 3  ��# ((RN) :Γ⊢∆φ 4 (Γ⊢⊥ 

5                                                                      ������� �# p/��� ( 

 ,�3. �.'�_� 	M �!	#  ������ �T�.'�_� �� �   R�;� 	> ������ �Γ    ��# &�!& &'�C�
 �= ��'9Τ⊆Γ.  
 .#���B $
�= +	�φ0 �φ1 �⋯ ��M �! "��	E�  �%'�	�  ��MUL∆  �	� �# �=∆φ   �$����



�6�,
& .$8�#  �Γ0=T �Γ1 �⋯ "� (�	)� G�'K D�! �# !� :�
�=  

Γn+1= 3Γn∪{∆mφ
n
 | m≥0},               Γn∪{φ

n
}⊬HUL∆⊥

Γn∪{∆m − φ
n
 | m≥0},                       otherwise

 

  ��= ��'9 �#∆
0
φ=dfφ  �∆

m+1
φ=df∆∆

m
φ . x��2   "�� (��	)�    :��= �
��=Γ=⋃{Γn | n≥0} .

 �=  �! IQ!�Γn⊆Γn+1 �! [&�?��! �# .OJ'7 5  �(RN) :�=  8!& �
M!'�  
1. ∀Σ⊆Fm∆:                   Σ∪{φ}⊬UL∆⊥   ⟹   Σ∪{φ,∆φ}⊬UL∆⊥ 2. ∀Σ⊆Fm∆:                   Σ⊬UL∆⊥, Σ∪{φ}⊢UL∆⊥   ⟹   Σ∪{−φ}⊬UL∆⊥ 
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"�  #�7 "�2!� �# �!	-��! �# <>      	�M �!	�# ��= &'�8n �Γn     D�!	#���# . ��! �������Γ 

�.'�_�	�� �� G�'K D�! 	
v �& �= !	T . �! ������  R;� "M���� �Σ  �!Γ   &�!& &'�C�

 �= ��'9 �#Σ⊢UL∆⊥    R�;� "�)
,9 �&$�. <> .n    ��= &�!& &'�C�Σ⊆Γn  �Γn⊢UL∆⊥  ��= .

. �! ������� 0F�  

Γ  �= $
�= +	� . �M �

 	>φ∉Γ <> .n,m∈ℕ    ��= ��'�9 �# $
�!& &'C�φ=∆
m
φn  �

Γn∪{φn}⊢UL∆⊥ <> .∆
m
−φn∈Γ  ��!	-���! �# "�	9 �! .(RN) �(K)  �(T)   "��  �#�7    ��= &'�8

∆
m
−ψ⊢UL∆¬∆

m+1
ψ <> .Γ⊢ΗUL∆−φ �������� �! [&�?��! �# D
�q�M . 0OJ'7 5 �(RN)  �(T) 

"�  #�7 "�&�� �#  &'8Γ  ��UL∆ - D�!	#��# . �! ��	}
−φ∈Γ           . 

  

3.6 �(�Y U'���C  
	)��( 30 	,C .LNΓ=df〈ULΓ,∧Γ,∨Γ,&Γ,→Γ,tΓ,fΓ,⊥Γ〉 �$�
6 	,C ��   �! ����#Γ   �!	�#UL 

  :�= ��'9 �#  �!  
1. [φ]Γ =df 

{ψ|Γ⊢ULφ↔ψ}, 
2. ∀c∈{t,f,⊥}: cΓ = [c]Γ 

3. ULΓ =df {[φ]Γ|φ∈Fm} 
4. ∀⋆∈{∧,∨,&,→}: [φ]Γ⋆Γ[ψ]Γ = 

[φ⋆ψ]Γ 

 �64 	M �!	# .Γ∪{φ,ψ}⊆Fm: 

1. [φ]Γ≤[ψ]Γ ⟺ Γ⊢ULφ→ψ 

2 .LNΓ  ��UL -. �! 	,C 

3. �!	# I:Var→ULΓ ��#�Q �#  �I(φ)=[φ]Γ  %$� �!=〈LNΓ,I〉      :V!(φ)=[φ]Γ  

.#���B  �6 �# $
�= �'C�3.49  �6 �3.50  �&(Metcalfe et al., 2009)    . 

��C(> 31. "�  �
�'�Γ⊆Fm       	�M �!	�# 	��! ��E�� � 	��!  ��! %�LT �φ,ψ∈Fm  	��! :

Γ⊬ULφ→ψ �� [�L
3 �χ∈Fm  �= ��'9 �# �$8�# ��8!& &'C�Γ⊬ULφ→χ  �Γ⊬ULχ→ψ. 

 �65 	M �!	# .Γ∪{φ}⊆Fm 	�! :Γ⊬ULφ �� [�L
3 �Σ     ��= &�!& &'�C� %��LTΓ⊆Σ   �

Σ⊬ULφ. 

.#���B  �6 �# $
�= �'C�3.63  �
*/ �5.35  �&(Metcalfe et al., 2009)         .   
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��C(> 32 . 	,C∆LNΓ*=dfLNΓ*∪〈∆Γ*〉  	,C ��∆ -�$�
6  �! ���#Γ*  �!	�# UL    ��!

 	�! �E�� � 	�!∆Γ* ��#�Q �# ")Q'� �� A#�� ��  �∆Γ*[φ*]Γ*=[φ∆]Γ* .$8�#  

 ,�6 .(�(�Y �<I ,�)  	> ������ �.'�_� 	M �!	#Γ �� �∆LNΓ*   ��= &�!& &'C�UL∆ -

. �! %�LT 	
_
�  

.#���B ∆Γ* ��#!� !�  �{ 〈�φ*�Γ*,[φ
∆
]
Γ*

〉 | φ∈Fm∆}  �! [&�?��! �# .$�	
L#  ,0�1  � ,0� 2 

"�  #�7 :�= &'8  
∀ψ,χ∈Fm∆:                  Γ*⊢HULψ*↔χ*   ⟹   Γ*⊢HULψ∆↔χ∆ 

"� "�2!� �# <>  �= $�& �!'�∆Γ*  �� <> . �! A#�� ��∆LNΓ*  .&�!& &'C�  ��#��#  ,0�
4 �LNΓ*  ��UL -. �! 	,C  

 :�&'# "�� G�,7!1   ��= $�
�= +	� ([φ*]Γ*≰[ψ*]Γ* .2  ��# (  ,0�4 :Γ*⊬ULφ*→ψ* .3 (

φ→ψ∉Γ .4   �&'�# 	�> �# (Γ :−(φ→ψ)∈Γ .5 (Γ⊢UL∆−(φ→ψ) .6  ��#  ((PRL∆) :Γ⊢UL∆ψ→φ .

7 �# (,� 2 :ψ→φ∈Γ .8 (Γ*⊢ULψ→φ 	�3 �& � .9 �# ( ,�4 :[ψ*]Γ*≤[φ*]Γ*.  

 :�&'# %�LT G�,7!1    ��= $�
�= +	�� ([φ*]Γ*<[ψ*]Γ* .2 ([ψ*]Γ*≰[φ*]Γ* 3  ��# ( ,0� 2 :

Γ*⊬ULψ*→φ* .4 �# ( ,�5  ��� :Σ*     ��= &�!& &'�C� %��LTΓ*⊆Σ*  �Σ*⊬ULψ*→φ* .5 (

 �������χ*   :������= &�!& &'�����C�Σ*⊬ULψ*→χ*  �Σ*⊬ULχ*→φ* .6 (Γ*⊬ULψ*→χ*  �

Γ*⊬ULχ*→φ* .7 �# ( ,0� 2 :[ψ*]Γ*≰[χ*]Γ*  �[χ*]Γ*≰[φ*]  	��3 �& � .8    :�&'�# "��� ��# (

[χ*]Γ*<[ψ*]Γ*  �[φ*]Γ*<[χ*]Γ*.  

 	
,)� �# �C'� �# x�2∆  �&UL∆ - �# 	
_
�OJ'7 7 :�= &'8  #�7 � �! "��= �E�� 

a. tΓ*≤[φ*]Γ* ⟹ 
∆Γ*[φ*]Γ*=tΓ* 

 

b. tΓ*≰[φ*]Γ* ⟹ 

∆Γ*[φ*]Γ*=⊥Γ* 

 G���,7!(a) :1 $��
�= +	��� ([t]Γ*=tΓ*≤[φ*]Γ* .2 ���# ( ,00�4 :Γ*⊢ULφ* .3 ���# (,00� 2  �

Γ⊢UL∆ψ∈Th :Γ*=Γ*∪Th*⊢ULφ* .4 �# ( ,�1 :Γ⊢UL∆φ �# .(RN)  �(i∆) :Γ⊢UL∆∆φ↔t .5  ��# (

�6 2 :∆φ↔t∈Γ .6 (Γ*⊢φ∆↔t 	�3 �& � .7 �# ( �64      :∆Γ*[φ*]Γ*=[φ∆]Γ*=[t]Γ*=tΓ*  



60   ���� �	
��
 �� 
�
� ����� 
�	� ������  ������ 
1398 

 G���,7!(b) :1 $��
�= +	��� ([t]Γ*=tΓ*≰[φ*]Γ* .2 ���# ( ,00�4 :Γ*⊬ULφ* .3 (φ∉Γ .4 ���# (

 �&'# 	> ������Γ :−φ∈Γ .5 (Γ*⊢ULφ∆↔⊥ N����E
 � .6 �# ( ,�4:  
∆Γ*[φ*]Γ*=[φ∆]Γ*=[⊥]Γ*=⊥Γ*           

,� 7 .(]HA ,�)  $
�= +	�Γ*  � 	> ������ �.'�_� ��I   �! A#��� ��Var   ��#ULΓ* 

��#�Q �#  �I(φ)=[φ]Γ* .$8�#  ∀φ∈Fm∆: V!(φ)=[φ*]Γ*; !=〈∆LNΓ*,I〉 
.#���B  �& ,�6 �= ��&	=  #�7 �'��
�M �!  ��UL∆ -       D��! ��# ��C'� ��# . ��! %$��

 %'�	� "�$
q
> ��� �'/ �!	-��! �# H^��φ "�  #�7   ��,9 ��! .�
�= ,�4   [�!��� ]�t#  �!

 �= &'8  #�7  �! "��= �E�� <> . �! [$8  #�7 �!	-��! R2!	�V!(∆φ)=[φ∆]Γ*:  

V(∆φ) = ∆Γ*V!(φ) =(ih) ∆Γ*[φ*]Γ* = [φ∆]Γ* 

 �68  .(�'/ ���'�  
����) �&UL∆:                  Γ⊨DEN
φ ⟹ Γ⊢φ 

.#���B 1 $
�= +	� (T⊬UL∆φ .2  ��# (OJ'7 5 :T∪{−φ}⊬UL∆⊥ .3  ��# (  ,0�3  ��.'�_� :

 	> ������Γ  �= ��'9 �# &�!& &'C�Τ∪{−φ}⊆Γ .4  ��# (  ,0�6 :!=〈∆LNΓ*,I〉   ��=I   ���

 �! A#��Var  �#ULΓ*  ��  �!UL∆ - . �! ��'� %$�5  ��# (,� 7 :∀ψ,V!(ψ)=[ψ*]Γ* .6  ��# (

Γ*⊢ULψ*∈Γ*  � ,�4 :!⊨Γ .7 (!⊨T  �!⊨−∆φ .8 �# (OJ'7 7 :!⊭φ .9 (T⊭UL∆
DENφ .  

  

4.6 �*�H��$.� U'���C  

��C(> 33 .〈P,≤〉 :$�	
L# "��C H�	� �.'�_� �� !�  

Q
u
 =df {x∈P|∀y∈Q: y≤x}   Q

l
 =df {x∈P|∀y∈Q: x≤y}   DM(P) =df {Q⊆P|Q

ul
=Q} 

��C(> 34 ���R) P� H�'R�� ;%�. .(�'� 9   ��� !�UL -    ��� ��� 	�,CUL∆ -  	�
_
�

 .$�	
L#DM(9)  ��EC �# ���S� �'
 �! 	,C ��DM(A) : �! 	�� "^K! ��M�'�!	>! �  

cDM =df {c}l; c∈{t,f,⊥}  X∧DMY =df X∩Y  X∨DMY =df (X∪Y)ul 

X&DMY =df {x&y|x∈X,y∈Y}ul  X→DMY =df {x∈A|∀y∈X: x&y∈Y} 

∆DMX= �:t;l,       :t;l⊆X:⊥;,  otherwise
 

 �69 .9  !��� UL -:$�	
L# 	,C  
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1 .DM(9)  ��UL -	,C . �! R��= 

2 . 	�!9  �$8�# %�LT �� "��DM(9) . �M �

  
3 .f(x)={x}

l  �! �$
�\
 ��9  �#DM(9) . �! 

.#���B  �
*/ �# $
�= �'C�2.58  �&(Metcalfe et al., 2009)                        
 ,�10. 9  �� !�UL∆ -:$�	
L# 	
_
�  

1 .DM(9)  ��UL∆ -. �! 	,C 

2 .f(x)={x}
l  �! �$
�\
 ��9  �#DM(9) . �! 

.#���B  �,9 ,�9 �DM(9)−〈∆DM〉  ��UL -  ��,9 D�!	#��# . �! 	,C 0OJ'7 7   I�Q!�

 �=  �!DM(9)  ��UL∆ -	# x�2 . �! 	,C) &�'� �!2 �,9 (  ,0�9     ��! "���= ��E�� �

 �= &'8  #�7f(∆x)=∆DMf(x)"� [$�& "
��3 �# .   ��= &'8{∆x}⊆∆DM{x}
l   :����!& "��	9 �! .

x≤y ⟹ ∆x≤∆y D
�q�M <> .∆DM{x}
l⊆{∆x}                   . �! 

*/
� 9  .(�'/ &�!$
���!  
����) (�6�-� "^K! �_
�
) �&UL∆    :Γ⊨[0,1]
φ ⟹ Γ⊢φ  

.#���B  �! &�!$
���! @�� �# �
*/ D�! ,�8 � ,�9  � ,�10 "�  �$#     $�
�= �'�C� .$��3
 �
*/ �#3.65  �&(Metcalfe et al., 2009)                 .                  

 

7 .%:�*� ����  

(
)Q �! "S� �! [��'= "8�!�� !$�#!  D�	����
�  ��
 �# ���� ���� ��MUL  ���

 �=   "��#�
      ��# ��6�-� ���3'�
 � "�\M��> ]�t# �& <z� .��&!& ��!�! � �M �

UL  O$�K G!&! �∆ 

 �# �'E\�»��# ���6& « )Baaz delta      ���
 ��# $��$C ����
� D��! .��&	= ���Q! !� (UL∆   ��# !�
��8�	#! P��2 �".'Q'� RK! &	S��� ��ET "���8��)� � �	,C "���8��)� ��M   &�!$
����!

�E� � �
��!&	> �3 "��	# �# <z� .��&	= "�	)� �
*/!	� D�	�   D��! .��&	=  #�7 !� �3 ��M
�
*/!	� ,. �$���M ".'Q'� RK! ���
� �!	# �= �MG�� :�! $
!  

1 .��6& V�����! �
*/!	� 2 .�'/ &�!$
���!  
���� �
*/!	�  

3 .�'/  JK �
*/!	� 4 .(�	)� �
*/!	� �
�F= ���� �	�1>  
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.; 63(� �"
 

1. ) @	��� �'E?� �& D
#extension) s�# � (expansion   @	���� .&�!& &'�C� ������ (    ����M ���M
s�#  ��#� �# �M  ����� ��! �&'E8 ���� @	��� �� �
�F= ���� %�;� �!'�. �# .$���M ���S�

. �! �
�F= ���� �! s�# �� G�EC'� 

2. "� "�S�� ��EC "���8��)� �# "�&�� �# .$
�= �T !� H^�� D�! $

!'� 

  

<�*� %���  

) .� ,	
8&�!1391 .("Q��� ����.<�	M :�!	E� .  
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