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not used in obtaining K.

Fig. 3
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Suppose the problem is solved and R is the desired point. We draw
ER. The tangent line at R intersects EB at T. Then in the right
triangle ERT we have

ER® = (EH)ET) (12)
and
RH* = (EH)(HT). (13)
Let EH =z, ER = 1,ET = t. Then from (12} and (13) we obtain
1=uxt (14)
and
RH = \[3(t - 2). (15)

Substituting (14) and (15) in (11), we get

1 T
x(t~:r)=1—a:' (16)

So from (16) we obtain
2t ~2c+1=0 (17)

We observe that 1 is a root of (17), but instead of factoring we treat
it with Khayyam’s technique.
We choose y = 2%, The with (17) we have

yi—2r+1=0
{ﬁ —y=0 (18)
From this set of equations we get the circle
1 1
(x -1+ (y"a) =71 (19)

1

Thuse the circle of center (1, %) and radius ; intersect the parabola

y = z* at two points (Fig. 3). Note that since x < 1, the root z =1 is
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Khayyam’s Problem
An interesting problem had started ‘Omar Khayyam on employing conic
sections in solving cubic and quartic equations. So it is proper studying
it.
We want to divide the one fourth AB of the circle ABCD by a point
1 into two parts such that if RH is drawn perpendicular to the diameter
B, we obtain
AE EH
RH ~ HB’
where E is the center of the circle (Fig. 2).
Khayyam’s solution is quite involved with a long discussion of cubic
equations,® we shall give a simpler solution.

T

(11)

D
Fig. 2

3. Amir-Moéz, AR. “A Paper of ‘Omar Khayyam”, Scripfa Mathematica, vol. 26,
no. 4, 1961, pp. 323-337.
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The advantage of (8) is that parabela y = x? can be drawn accurately
on a sheet of scaled paper. Then a circle of center

-B 1—-A
(55) (9)
and radius
T B2 —
VAL + iAC 2441 (10)

can be drawn on a sheet of transparent paper. We superimpose the
circle on the parabela and read the roots on the z-axis (Fig. 1).

Xy Xz Xy X

Fig. 1
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It is clear that the axes of these parabolas are perpendicular to one
another. Now if we add these equations we get

22 +y? —dpr — dqy +4ap+4bg =0 (2)

which is a circle with center (2p, 2¢). This proves the theorem. Here
the complex points of intersection have also been considered. Khayyam
proved this theorem synthetically. We shall leave that to the reader as
an exercise.

Solution of cubic equations

Any third degree equation can be written as
2+t +mz+n=0 (3)
If we discuss the solution of a fourth degree equation such as
A ra+bf+ez+d=0, (4)
then (3) will be a special case of (4}. So, we consider
z* 4+ 12 + mz® +nx =0, (5)

Then we ignore the root = = 0, and we get the roots of (3).
Now let us proceed with the solution of (4). If we choose the change
of variable z = z — (a/4), the equation (4} chauges to the form

z* + Az + Bz +C =0. (6)

We choose y = 2. The getting the roots of (6) is the same as solving
the system of equations

{m —Y (7)

¥+ Ay+Bz+C =10

for z.

It is easily seen that the equations of (7) are the equations of two
parabolas whose axes are perpendicular to one another. The solution of
(7) is obtained by the system

{xz =Y (8)

24+t (A-Dy+Bzx+C=0.
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‘Omar Khayyam’s solution of cubic equations which employs the parabola
y = x* and circles, is applied to construction of some geometric config-
urations.

‘Omar Khayyam {1044-1123), a Persian Mathematician, had used
conic sections in construction of the roots of cubic equations.! An ex-
tension of his work which is due to the late. Dr. M. Hashtroudi ancient
professor of mathematics at Tehran University.? uses only circles and
parabolas. This way a simplification of Khayyam’s work will be pre-
sented.

Theorem: The four points of intersection of two parabolas whose azes
are perpendicular are on a circle.

Proof : For convenience, without loss of generality, we choose the
parabolas

y' =dplw —a), 2* =dqly—b). (1)
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